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Abstract
Let A be a locally noetherian Grothendieck category. In this paper, we study subcategories of A
using subsets of the spectrum Spec(A). Along the way, we also develop results in local algebra with
respect to the category A that we believe to be of independent interest.
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1 Introduction
Let R be a commutative ring having Zariski spectrum Spec(R) and let R − Mod be the category of R-
modules. Then, the study of subcategories of R −Mod using the subsets of Spec(R) is a topic that is well
developed in the literature, especially when R is noetherian (see, for example, [12], [14], [18], [22]).
When R is commutative noetherian, it is easily verified that the category R − mod of finitely generated
R-modules is an abelian subcategory of R−Mod. Then we know, for instance, that the Serre subcategories
of R−mod are in bijective correspondence with specialization closed subsets of Spec(R) (see [18]). Further,
a result of Takahashi [22] shows that subcategories of R−mod closed under submodules and extensions are
in one-one correspondence with subsets of Spec(R). The Zariski spectrum Spec(R) also contains information
about subcategories of the derived category D(R −Mod). For instance, a theorem of Neeman [14] shows
that specialization closed subsets of Spec(R) correspond to smashing subcategories of D(R−Mod). For an
arbitrary commutative ring R, a theorem of Garkusha and Prest [8], [9] shows that torsion classes of finite
type in R−Mod correspond to complements of intersections of quasi-compact open subsets of Spec(R).
In this paper, our objective is to take a more general approach to this genre of results by working with a locally
noetherian Grothendieck category A instead of the category of modules over a commutative noetherian ring.
We feel that this categorical approach vastly expands the scope of such results beyond commutative algebra.
Consequently, most of our conclusions in this paper apply to large classes of noncommutative rings. Further,
they also apply to the category of quasi-coherent sheaves over a separated noetherian scheme.
In place of the Zariski spectrum Spec(R) of a commutative ring, we will have to use the spectrum Spec(A) of
an abelian category A constructed by Rosenberg [15], [16], [17] in order to study noncommutative algebraic
geometry. A famous result of Gabriel [7] from the 1960s shows that a noetherian scheme may be reconstructed
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from its category of quasi-coherent sheaves. The spectrum construction Spec(A) was used by Rosenberg
[16] to prove this for separated schemes, i.e., two separated schemes X and Y are isomorphic if and only if
they have equivalent categories QCoh(X) and QCoh(Y ) of quasi-coherent sheaves.
For an abelian category A, the construction of the spectrum begins by defining an equivalence relation on
the objects of A. A nonzero object P ∈ A is said to be spectral if it is equivalent to every one of its nonzero
subobjects. This gives the collection Spec(A) of spectral objects of A. Each point of the spectrum Spec(A)
corresponds to an equivalence class 〈P 〉 of some spectral object P ∈ Spec(A). The striking fact is that
when A is the category R −Mod of modules over a commutative ring, every spectral object of R−Mod is
equivalent to some quotient R/p, with p being a prime ideal in R.
Further, each point 〈P 〉 ∈ Spec(A) corresponds to a localizing subcategory of A which is still denoted by 〈P 〉.
Accordingly, there is a canonical functor L〈P 〉 : A −→ A/〈P 〉 as well as its right adjoint i〈P 〉 : A/〈P 〉 −→ A.
With this in hand, Rosenberg [15] was able to construct good notions of associated points Ass(M) and
support Supp(M) for each object M ∈ A. This categorical form of local algebra from [15] will be the main
tool for our results in this paper.
If A is a locally noetherian Grothendieck category, it is well known that the subcategory Afg of finitely
generated objects of A is an abelian subcategory. For our purposes, we also consider an abelian subcategory
A′ ⊆ Afg consisting of objects whose support satisfies a certain natural condition defined in Section 4. Then,
our first main result is the following.
Theorem A. (see 3.9 and 4.10) Let A be a locally noetherian Grothendieck category such that every nonzero
object in A has an associated point.
(a) There is a bijection :
{Serre subcategories of Afg} −→←− {Specialization closed subsets of Spec(A)}
(b) For a full and replete subcategory C ⊆ A′ the following conditions are equivalent.
(1) C is a Serre subcategory of A′.
(2) C is a torsion class in A′.
(3) C is a thick subcategory of A′.
(4) C is a narrow subcategory of A′
In Theorem A above, a narrow subcategory is taken to be a full subcategory that is closed under extensions
and cokernels, as defined in [18]. For a commutative noetherian ring R, it was shown by Stanley and
Wang [18] that Serre subcategories of R −mod coincide with torsion classes, as also with thick and narrow
subcategories of R−mod.
Since A is a Grothendieck category, every object M ∈ A has an injective hull E(M). In particular, the
injective hulls of spectral objects of A will play an important role in connecting specialization closed subsets
of Spec(A) to torsion pairs on A.
Theorem B. (see 5.1, 5.2, 5.3, 5.4 and 5.10) Let A be a locally noetherian Grothendieck category such that
every nonzero object in A has an associated point.
(a) The association S 7→ τ(S) := (T (S),F(S)) given by
T (S) := {M ∈ A | Supp(M) ⊆ S} F(S) := {M ∈ A | Ass(M) ∩ S = φ}
defines a one-one correspondence between hereditary torsion pairs on A and specialization closed subsets of
the spectrum Spec(A).
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(b) For a specialization closed subset S ⊆ Spec(A), the torsion pair τ(S) := (T (S),F(S)) may also be
described as follows:
T (S) = {M ∈ A | HomA(M,E(P )) = 0 for all P ∈ Spec(A) with 〈P 〉 /∈ S}
F(S) = {M ∈ A | HomA(P,M) = 0 for all P ∈ Spec(A) with 〈P 〉 ∈ S}
(1.1)
(c) For any Q ∈ Spec(A) with 〈Q〉 /∈ S, the injective hull E(Q) lies in F(S).
(d) For any P ∈ Spec(A) with 〈P 〉 ∈ S, the injective hull E(P ) lies in T (S).
In the process of proving Theorem B, we have developed in Section 5 results on supports, associated points
and essential extensions of objects of A that we feel are of independent interest.
Theorem C. (see 5.8 and 5.9) Let A be a locally noetherian Grothendieck category such that every nonzero
object in A has an associated point.
(a) For any object M ∈ A, we have:
Supp(M) =
⋃
〈Q〉∈Ass(M)
〈Q〉
(b) Let M be an object of A and let N ⊆M be an essential subobject. Then, we have:
(i) M and N have the same associated points, i.e., Ass(M) = Ass(N). In particular, Ass(M) = Ass(E(M))
for any object M ∈ A.
(ii) M and N have the same support, i.e., Supp(M) = Supp(N). In particular, Supp(M) = Supp(E(M))
for any object M ∈ A.
Thereafter, in Section 6, we begin to study resolving subcategories (as defined by Sˇt’ov´ıcˇek [20]) with the
help of subsets of Spec(A). The main property of a resolving subcategory C ⊆ A is that every object
M ∈ A is the target of an epimorphism C ։ M with C ∈ C. This allows us to study syzygy like objects
for each M ∈ A with respect to the resolving subcategory C ⊆ A. For given n ≥ 1, we say that a resolving
subcategory C ⊆ A is n-resolving if every object M ∈ A fits into an exact sequence
0 −→ Cn −→ Cn−1 −→ · · · −→ C0 −→M −→ 0
with Ci ∈ C for each 0 ≤ i ≤ n. For 1-resolving subcategories of A, we have the following result.
Theorem D. (see 6.5) Let A be a locally noetherian Grothendieck category in which every nonzero object
has an associated point. Then, there is a one-one correspondence between the following :
(1) 1-resolving subcategories C ⊆ A that are torsion free classes of hereditary torsion pairs on A.
(2) Specialization closed subsets S ⊆ Spec(A) such that there exists at least one generator G of A such that
S ∩ Ass(G) = φ.
In order to study n-resolving subcategories, we develop a better understanding of local algebra in the
category A. Since A is a Grothendieck category, we can consider for any object M ∈ A the cosyzygy
℧1(M) := E(M)/M as well as higher cosyzygies ℧k(M) := ℧1(℧k−1(M)) for k > 1. The main result of
Section 7 is a characterization of associated points of higher cosyzygies of objects of A. This is motivated
by a famous lemma of Bass that gives a criterion for associated primes of higher cosyzygies of modules over
commutative noetherian rings using Ext groups.
3
Theorem E. (see 7.4 and 7.9) Let A be a locally noetherian Grothendieck category in which every nonzero
object has an associated point. Let M be an object of A.
(a) The associated points of M may be described as follows:
Ass(M) = {〈P 〉 | P ∈ Spec(A) and HomA/〈P 〉(L〈P 〉(P ), L〈P 〉(M)) 6= 0}
(b) The associated points of the higher cosyzygies {℧k(M)}k≥1 of M may be described as follows:
Ass(℧k(M)) = {〈P 〉 | P ∈ Spec(A) such that ExtkA/〈P 〉(L〈P 〉(P ), L〈P 〉(M)) 6= 0}
We now fix a generator G ∈ A and consider decreasing sequences Y˜ = (Y1 ⊇ ... ⊇ Yn) of subsets of Spec(A)
satisfying Ass(℧i−1(G)) ∩ Yi = φ for 1 ≤ i ≤ n. We refer to these as G-sequences of length n. On the other
hand, any n-resolving subcategory C ⊆ A leads to a chain
A = C(n+1) ⊇ C(n) ⊇ ... ⊇ C(1) = C
of subcategories with C(j) being an (n−j+1)-resolving subcategory. The G-sequences of length n are related
to n-resolving subcategories by the following result.
Theorem F. (see 8.12) Let A be a locally noetherian Grothendieck category in which every nonzero object has
an associated point. Suppose that for every spectral object P ∈ Spec(A) the right adjoint i〈P 〉 : A/〈P 〉 −→ A
to the canonical functor L〈P 〉 : A −→ A/〈P 〉 is exact.
Fix a generator G of A and some n ≥ 1. Then, there is a one-one correspondence between G-sequences Y˜
of length n and n-resolving subcategories C ⊆ A satisfying the following conditions:
(1) G ∈ C.
(2) For each j ≥ 1, the subcategory C(j) is closed under injective hulls and arbitrary direct sums.
(3) The subcategory C(n) ⊆ A satisfies C(n) = {M ∈ A | Ass(M) ⊆ Ass(C(n))}.
The final result of this paper deals with subcategories that are closed under subobjects, finite direct sums
and essential extensions.
Theorem G. (see 9.4) Let A be a locally noetherian Grothendieck category such that every nonzero object
has an associated point. Let Afg be the subcategory of finitely generated objects of A. Then, there are
mutually inverse bijections between:
(a) The full and replete subcategories C ⊆ Afg that are closed under subobjects, finite direct sums and
essential extensions.
(b) The subsets S ⊆ Spec(A) of the spectrum Spec(A) of A.
2 Preliminaries on the spectrum of an abelian category
Let A be an abelian category that satisfies (AB5), i.e., the category A has arbitrary direct sums and filtered
colimits commute with finite limits. We recall the following three kinds of objects in A (see [1] and [21] for
definitions)
(1) An object X ∈ A is said to be finitely generated if we have
lim
−→
λ∈Λ
Hom(X,Yλ) ∼= Hom(X, lim−→
λ∈Λ
Yλ)
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for any filtered system {Yλ}λ∈Λ of objects in A connected by monomorphisms.
(2) An object X ∈ A is said to be finitely presented if the functor Hom(X, ) : A −→ Ab to the category
Ab of abelian groups preserves filtered colimits.
(3) An object X ∈ A is said to be noetherian if every subobject of X is finitely generated.
The (AB5) categoryA is said to be locally noetherian if it has a small generating family {Gi}i∈I of noetherian
objects. In that case, the object G :=
⊕
i∈I
Gi is a generator for A and it follows that A is a Grothendieck
category. Then, (see [10, Proposition 1.9.1]) every object X ∈ A may be expressed as the quotient of a direct
sum of (possibly infinitely many copies) of the generator G. This implies, in particular, that A is locally
finitely generated, i.e., every object in A may be expressed as the filtered colimit of its finitely generated
subobjects.
In a locally noetherian category A, the finitely generated objects coincide with the noetherian objects and
also with the finitely presented objects. Further, the full subcategory Afg of finitely generated objects is an
abelian category.
We will now describe the spectrum Spec(A) of an abelian category A constructed by Rosenberg [15], [17].
This begins with the construction of a relation on the objects of the category: X ≺ Y for objects X , Y ∈ A
if X is the subquotient of a direct sum of finitely many copies of Y . This gives rise to an equivalence relation
≈ as follows : X ≈ Y if and only if X ≺ Y ≺ X . The equivalence class of an object X ∈ A is denoted by
[X ]. Further, for any X ∈ A, we set 〈X〉 to be the full subcategory of A whose objects are given by:
Ob(〈X〉) := Ob(A)− {Y ∈ Ob(A) | X ≺ Y } (2.1)
It may be easily verified that X ≺ Y if and only if 〈X〉 ⊆ 〈Y 〉.
An object P ∈ A is said to be spectral if P 6= 0 and Q ≈ P for any nonzero subobject 0 6= Q ⊆ P .
The collection of spectral objects of A will be denoted by Spec(A). The remarkable fact is that when
A = R −Mod, the category of modules over a commutative ring R, each spectral object of R −Mod is
equivalent to the quotient R/p over a prime ideal p ⊆ R.
The spectrum of the abelian category is now defined as follows:
Spec(A) := {〈P 〉 | P ∈ A is spectral } (2.2)
The support of an object M ∈ A is defined as follows:
Supp(M) := {〈P 〉 ∈ Spec(A) | M /∈ Ob(〈P 〉) } = {〈P 〉 | P ∈ Spec(A) and P ≺M} (2.3)
In other words, we have:
〈P 〉 ∈ Supp(M) ⇔ P ≺M (2.4)
for any P ∈ Spec(A). The associated points of an object M ∈ A are defined as follows (see [15, § 8]):
Ass(M) := {〈P 〉 ∈ Spec(A) | P ∈ Spec(A) and P ⊆M } (2.5)
It is evident that Ass(M) ⊆ Supp(M) for each M ∈ A.
There are several topologies that may be considered on Spec(A) that may be studied in various ways, but
the facts that we will need most in the paper are as follows (see [17, § 1.6]) :
(1) The topology τ∗ on Spec(A) : A base of closed sets for τ∗ is given by the collection of all Supp(M),
where M varies over all finite direct sums of spectral objects of A.
(2) The topology τ∗ on Spec(A) : A base of closed sets for τ∗ is given by the collection of all Supp(M),
where M varies over all finitely generated objects of A.
(3) When A is a locally noetherian category such that every nonzero object in A has an associated point,
i.e., Ass(M) 6= φ for each 0 6= M ∈ A, the topologies τ∗ and τ∗ on Spec(A) coincide (see [17, Corollary
1.6.4.3]).
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3 Serre subcategories in terms of supports
Throughout this section, we will assume that A is an abelian category that is locally noetherian and hence
a Grothendieck category. Further, we assume that every nonzero object in A has an associated point. We
consider its spectrum Spec(A) with the topology τ∗ = τ∗ explained as in Section 2.
Lemma 3.1. The collection of subcategories of Afg that are both full and replete forms a set.
Proof. Let C ⊆ Afg be a full subcategory. Then C can be described completely by specifying its objects.
Additionally, suppose that C is replete, i.e., if X ∈ C then Y ∈ C for any object Y ∈ Afg isomorphic to X .
Hence, C can be described by specifying the isomorphism classes of objects of Afg lying in C.
We now choose a generatorG for the locally noetherian (hence Grothendieck) categoryA. We have mentioned
before in Section 2 that every object X ∈ A may be expressed as the quotient of a direct sum of (possibly
infinitely many) copies of G. Additionally, if X ∈ Afg, i.e., X is finitely generated, it follows that there
exists an integer n ≥ 1 such that X is a quotient of a direct sum of n-copies of G.
Finally, since a Grothendieck category is well powered (see, for instance, [21, Proposition IV.6.6]), the
subobjects (and hence quotients) of each Gn form a set. It follows that the isomorphism classes of objects
in Afg also form a set. This proves the result.
Lemma 3.2. Let P ∈ Spec(A) be a spectral object. Then, P is finitely generated, i.e., P ∈ Afg.
Proof. We consider a generating family {Gi}i∈I of noetherian objects for the category A. Then, there exists
i0 ∈ I such that we have a nonzero morphism φ : Gi0 −→ P . We set Q := Im(φ). Since Gi0 is finitely
generated, so is the object Q ⊆ P .
On the other hand, since P is spectral, we must have P ≺ Q, i.e., P is a subquotient of a direct sum of
finitely many copies of Q. Since the finitely generated objects in A coincide with the noetherian objects,
this shows that P is finitely generated.
Lemma 3.3. Let P ∈ Spec(A) be a spectral object. Then, the closure of the point 〈P 〉 ∈ Spec(A) is given
by :
〈P 〉 = Supp(P ) (3.1)
Proof. From (2.3), it is clear that 〈P 〉 ∈ Supp(P ). Further, we know from Lemma 3.2 that P is finitely
generated and hence Supp(P ) ⊆ Spec(A) is a closed set.
If M ∈ Afg is such that 〈P 〉 ∈ Supp(M), i.e., M /∈ 〈P 〉, we now claim that Supp(P ) ⊆ Supp(M). Indeed,
if Q ∈ Spec(A) is such that 〈Q〉 ∈ Supp(P ), then P /∈ 〈Q〉, i.e., Q ≺ P . Then, if M /∈ 〈P 〉, i.e., P ≺ M , we
must have Q ≺M . Hence, M /∈ 〈Q〉 and 〈Q〉 ∈ Supp(M).
Definition 3.4. For a full and replete subcategory C ⊆ Afg, set:
Supp(C) :=
⋃
M∈C
Supp(M) (3.2)
Conversely, for a subset S ⊆ Spec(A), set:
Supp−1(S) := {M ∈ Afg | Supp(M) ⊆ S} ⊆ Afg (3.3)
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We know from Lemma 3.1 that the collection of full and replete subcategories of Afg forms a set. From the
definition of the topology on Spec(A), it is clear that Supp defines a map :
Supp : {Full & replete subcategories of Afg} −→ {Specialization closed subsets of Spec(A)}
We recall that a subset is specialization closed if it is a union of closed sets. If R is a commutative noetherian
ring and R−mod is the category of finitely generated R-modules, Stanley and Wang [18] have constructed
criteria on sets of subcategories of R−mod so that the restriction of the map Supp as in Definition 3.4 is a
bijection with inverse Supp−1. Our first purpose in this section is to obtain analogous criteria for the locally
noetherian category A. We begin with the following result.
Proposition 3.5. Let S ⊆ Spec(A) be a specialization closed subset. Then, Supp(Supp−1(S)) = S.
Proof. We consider a spectral object P ∈ Spec(A) such that 〈P 〉 ∈ S ⊆ Spec(A). Since S is specialization
closed, we must have 〈P 〉 ⊆ S and it follows from Lemma 3.3 that Supp(P ) ⊆ S. Further, from Lemma
3.2 we know that P ∈ Afg. It follows that P ∈ Supp−1(S). Now since 〈P 〉 ∈ Supp(P ), we get 〈P 〉 ∈
Supp(Supp−1(S)).
Conversely, we consider some P ∈ Spec(A) such that 〈P 〉 ∈ Supp(Supp−1(S)). Then, there exists some
M ∈ Supp−1(S) such that 〈P 〉 ∈ Supp(M). Using the definition in (3.3), M ∈ Supp−1(S) implies that
Supp(M) ⊆ S and hence 〈P 〉 ∈ S. This proves the result.
Lemma 3.6. (a) Let C ⊆ Afg be a full subcategory that contains 0 and is closed under extensions. Suppose
that M ∈ Afg is such that P ∈ C for every spectral object P ∈ Spec(A) with 〈P 〉 ∈ Supp(M). Then, M ∈ C.
(b) Let C ⊆ Afg be a replete and full subcategory satisfying the following two conditions:
(1) C is closed under extensions and 0 ∈ C.
(2) If M ∈ C, then P ∈ C for each spectral object P such that 〈P 〉 ∈ Supp(M).
Then, Supp−1(Supp(C)) = C.
Proof. (a) From [17, 1.6.4.1], we know that any M ∈ Afg can be given a finite filtration 0 = M0 ⊆ M1 ⊆
· · · ⊆ Mn = M such that Qi := Mi/Mi−1 ∈ Spec(A) for each 1 ≤ i ≤ n. It is clear that Qi ≺ Mi and
hence 〈Qi〉 ∈ Supp(Mi) ⊆ Supp(M). From the assumption on M , it now follows that Qi ∈ C. In particular,
M1 = Q1 ∈ C. Since C is closed under extensions, the successive short exact sequences
0 −→Mi−1 −→Mi −→ Qi −→ 0 2 ≤ i ≤ n (3.4)
show that each Mi ∈ C. Then, M =Mn ∈ C.
(b) It is evident from Definition 3.4 that C ⊆ Supp−1(Supp(C)). Conversely, we consider an object M ∈
Supp−1(Supp(C)) ⊆ Afg. Then, Supp(M) ⊆ Supp(C).
We now claim that P ∈ C for any spectral object P ∈ Spec(A) with 〈P 〉 ∈ Supp(M). Indeed, if 〈P 〉 ∈
Supp(M) ⊆ Supp(C), we can choose some N ∈ C such that 〈P 〉 ∈ Supp(N). From assumption (2) on C, it
follows that P ∈ C. It now follows from part (a) that M ∈ C.
Proposition 3.7. Let A be a locally noetherian abelian category such that every nonzero object in A has an
associated point. Let T be a collection of subcategories of Afg satisfying the following conditions:
(1) For each specialization closed subset S ⊆ Spec(A), Supp−1(S) ∈ T.
(2) Each subcategory C ∈ T is a full and replete subcategory of Afg that contains zero and is closed under
extensions.
(3) If C ∈ T and M ∈ C, then P ∈ C for each spectral object P such that 〈P 〉 ∈ Supp(M).
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Then, the restriction of the map Supp :
SuppT := Supp|T : T −→ {Specialization closed subsets of Spec(A)} (3.5)
is a bijection having inverse Supp−1.
Proof. We consider a specialization closed subset S ⊆ Spec(A). By assumption, Supp−1(S) ∈ T. From
Proposition 3.5, we now get SuppT(Supp
−1(S)) = Supp(Supp−1(S)) = S.
On the other hand, any subcategory C ∈ T satisfies the conditions in part (b) of Lemma 3.6. It follows from
Lemma 3.6(b) that Supp−1(SuppT(C)) = Supp−1(Supp(C)) = C.
We now recall the following definition (see, for instance, [19, Tag 02MN])
Definition 3.8. Let B be an abelian category. A subcategory B′ ⊆ B is said to be an abelian subcategory if
B′ is also abelian and the inclusion functor B′ →֒ B is exact.
A full subcategory B′ ⊆ B is a Serre subcategory if it is an abelian subcategory that is closed under exten-
sions and subobjects. Equivalently a full and replete subcategory B′ ⊆ B containing 0 is said to be a Serre
subcategory if it satisfies the following conditions.
(a) B′ is closed under taking subobjects and quotients in B.
(b) B′ is closed under taking extensions in B.
We have noted before that since A is locally noetherian, the category Afg of finitely generated objects is
itself an abelian subcategory of A. We will now use Proposition 3.7 to show that Serre subcategories of Afg
correspond to specialization closed subsets of Spec(A).
Proposition 3.9. Let A be a locally noetherian category such that every nonzero object in A has an associated
point. Then, there is a bijection :
Supp : {Serre subcategories of Afg} −→←− {Specialization closed subsets of Spec(A)} : Supp
−1
Proof. We will have to verify that the collection T of Serre subcategories of Afg satisfies the conditions of
Proposition 3.7. First, we recall that given a short exact sequence
0 −→M ′ −→M −→M ′′ −→ 0 (3.6)
of objects in A, we must have Supp(M) = Supp(M ′) ∪ Supp(M ′′) (see [15, § 5.2.2]). Accordingly, it is
clear from Definition 3.8 that the collection T of Serre subcategories of Afg satisfies conditions (1) and (2)
appearing in Proposition 3.7.
It remains to check condition (3) in Proposition 3.7. For this, we consider a Serre subcategory C ⊆ Afg
and some M ∈ C. If P is a spectral object such that 〈P 〉 ∈ Supp(M), it follows from (2.4) that P ≺ M .
Accordingly, P is a subquotient of a direct sum of finitely many copies of M ∈ C. Since C is a Serre
subcategory, it follows that P ∈ C.
4 Classifying subcategories and restricting the spectrum
We continue with A being a locally noetherian category such that every nonzero object has an associated
point. We will now restrict to a subcollection of spectral objects of A that satisfy a certain property with
respect to the objects in whose support they appear. To motivate the key definitions in this section, we will
need the following observation from commutative algebra.
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Proposition 4.1. Let R be a commutative noetherian ring and let N be a spectral object in the abelian
category R−Mod of R-modules. Let M be a finitely generated R-module such that 〈N〉 ∈ Supp(M). Then,
HomR−Mod(M,N) 6= 0.
Proof. Since N is spectral, we know from Section 2 that there is a prime ideal p ⊆ R such that R/p is
equivalent to N , i.e., N ≺ R/p ≺ N . We consider some nonzero n ∈ N and denote by N ′ ⊆ N the
submodule generated by n. Since N is spectral, we have an equivalence N ′ ≈ N and hence N ′ ≈ N ≈ R/p.
On the other hand, since N ′ is generated by a single element, we know that N ′ is isomorphic to the quotient
R/I for some ideal I ⊆ R. Then, R/I ∼= N ′ ≈ R/p, i.e., R/I ≺ R/p ≺ R/I. Then, the annihilators satisfy
I = Ann(R/I) ⊇ p = Ann(R/p) ⊇ Ann(R/I) = I and hence I = p. It follows that we have a monomorphism
R/p = R/I ∼= N ′ →֒ N .
Further since 〈N〉 ∈ Supp(M), we have R/p ≺ N ≺ M and hence p ⊇ Ann(M). Since M is finitely
generated, it follows from [18, Lemma 3.5] that there is a nonzero morphism φ : M −→ R/p. Finally,
composing φ : M −→ R/p with the monomorphism R/p →֒ N gives us a nonzero morphism from M to
N .
We now come back to the category A and consider some point 〈P 〉 ∈ Spec(A). We will say that the point
〈P 〉 ∈ Spec(A) satisfies property (∗) if given any Q ∈ Spec(A) and M ∈ Afg such that 〈Q〉 = 〈P 〉 ∈
Supp(M), we must have HomA(M,Q) 6= 0. From Proposition 4.1, we see that when R is a commutative
noetherian ring, all the points in Spec(R−Mod) satisfy this condition (∗).
We now consider the full subcategory A′ ⊆ Afg defined as follows:
Ob(A′) := {M ∈ Afg | Every 〈P 〉 ∈ Supp(M) satisfies condition (∗)} (4.1)
Along with this, we also consider the following specialization closed subset of Spec(A):
Spec′(A) :=
⋃
M∈A′
Supp(M) (4.2)
Since Spec′(A) ⊆ Spec(A) is specialization closed, it is clear that the maps Supp and Supp−1 in Definition
3.4 restrict to maps:
Supp : {Full & replete subcategories of A′} −→ {Specialization closed subsets of Spec′(A)}
Supp−1 : {Specialization closed subsets of Spec′(A)} −→ {Full & replete subcategories of A′}
We also notice here thatA′ = Supp−1(Spec′(A)) is a Serre subcategory ofAfg. In particular,A′ is an abelian
subcategory of Afg and hence an abelian subcategory of A. The following result will help us understand the
condition (∗) and the subcategory A′ better.
Proposition 4.2. Let A be a locally noetherian abelian category such that every nonzero object in A
has an associated point. Then, for every object M ∈ A′ and each nonzero subobject N ⊆ M , we have
HomA(M,N) 6= 0.
Proof. We consider M ∈ A′ and a subobject 0 6= N ⊆ M . Since N 6= 0, we can choose a spectral object
P ∈ Spec(A) having an inclusion P →֒ N . It is clear that 〈P 〉 ∈ Supp(N) ⊆ Supp(M). Hence, 〈P 〉 satisfies
condition (∗) and there exists a morphism 0 6= φ :M −→ P . Composing φ with the monomorphism P →֒ N
gives a nonzero morphism from M to N .
We also record here the following corollary in the case of modules over a commutative noetherian ring.
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Corollary 4.3. Let R be a commutative noetherian ring and let M be a finitely generated R-module. Then,
for any nonzero submodule N ⊆M , we have HomR−Mod(M,N) 6= 0.
Proof. From Proposition 4.1, we know that every point in Spec(R−Mod) satisfies condition (∗). The result
now follows immediately from Proposition 4.2.
Proposition 4.4. Let A be a locally noetherian category such that every nonzero object in A has an associated
point. Let T be a collection of subcategories of A′ satisfying the following conditions:
(1) For each specialization closed subset S ⊆ Spec′(A), Supp−1(S) ∈ T.
(2) Each subcategory C ∈ T is a full and replete subcategory of A′ that contains zero and is closed under
extensions.
(3) If C ∈ T and M ∈ C, then P ∈ C for each spectral object P such that 〈P 〉 ∈ Supp(M).
Then, the restriction of the map Supp :
SuppT := Supp|T : T −→ {Specialization closed subsets of Spec′(A)} (4.3)
is a bijection having inverse Supp−1.
Proof. We consider a specialization closed subset S ⊆ Spec′(A). Since Spec′(A) is specialization closed
in Spec(A), it follows that S is specialization closed in Spec(A). By assumption, Supp−1(S) ∈ T. From
Proposition 3.5, we now obtain Supp(Supp−1(S)) = S.
Conversely, any category C ∈ T satisfies the two conditions in Lemma 3.6(b). Further, since C ⊆ A′, we
know that Supp(C) ⊆ Spec′(A). From Lemma 3.6(b), it now follows that Supp−1(Supp(C)) = C.
Proposition 4.5. Let A be a locally noetherian abelian category such that every nonzero object in A has an
associated point. Then, there is a bijection :
Supp : {Serre subcategories of A′} −→←− {Specialization closed subsets of Spec
′(A)} : Supp−1
Proof. Using the criterion in Proposition 4.4, this result follows exactly as in the proof of Proposition 3.9.
Definition 4.6. Let B be an abelian category.
(a) A full subcategory B′ ⊆ B is said to be a torison class if it is closed under extensions and quotients.
(b) A full abelian subcategory B′ ⊆ B is said to be a thick subcategory if it is closed under extensions.
(c) A narrow subcategory B′ ⊆ B is a full subcategory that is closed under extensions and cokernels.
The notion of a narrow subcategory of an abelian category was introduced in [18]. For the notion of a thick
subcategory, we refer the reader to a standard reference such as [19, Tag 02MN]. The notion of a torsion
class in Definition 4.6 is taken from [18, § 2]. In the special case of abelian categories in which all objects
are noetherian, we will show that it agrees with the standard notion of the torsion class of a torsion pair in
the literature (see [3, Chapter 1]).
For a general abelian category B, the notions in Definition 3.8 and Definition 4.6 are related as follows (see
[18, § 2]):
{Serre subcategories of B} =⇒ {Thick subcategories of B}
⇓ ⇓
{Torsion classes of B} =⇒ {Narrow subcategories of B}
(4.4)
It is also shown in [18, § 2] that, in general, none of the types of subcategories appearing in (4.4) is equivalent
to any other.
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Definition 4.7. (see, for instance, [3, Chapter 1] Let B be an abelian category. A torsion pair τ on B
consists of a pair τ = (T ,F) of replete and full subcategories of B satisfying the following two conditions:
(a) Given any objects X ∈ T and Y ∈ F , we have HomB(X,Y ) = 0.
(b) For any object M ∈ B, there exists a short exact sequence:
0 −→ XM −→M −→ Y
M −→ 0 (4.5)
in B such that XM ∈ T and YM ∈ F .
The subcategory T is referred to as the torsion class whereas the subcategory F is referred to as the torsion
free class of the torsion pair.
It is well known in the literature (see, for instance, [3, Chapter 1]) that if B is an abelian category that
is both complete and cocomplete, any replete and full subcategory C ⊆ B that is closed under extensions,
quotients and coproducts must arise as the torsion class of some torsion pair on B.
However, if A is a locally noetherian abelian category and A′ ⊆ Afg is as above, every object in A′ is
finitely generated. Hence the abelian category A′ does not contain all coproducts (i.e. it is not cocomplete).
Therefore, in order to characterize torsion classes inside A′, we will need the following result.
Proposition 4.8. Let B be an abelian category such that every object in B is noetherian. Let C ⊆ B be a
full and replete subcategory that is closed under extensions and quotients. Let C⊥ ⊆ B be the full subcategory
given by
Ob(C⊥) := {N ∈ B | HomB(C,N) = 0 for all C ∈ C} (4.6)
Then (C, C⊥) is a torsion pair on B.
Proof. From (4.6), it is clear that the pair (C, C⊥) satisfies condition (a) in Definition 4.7. To show that it
also satisfies condition (b), we choose some M ∈ B.
Since M is noetherian, we can pick a subobject XM ⊆ M that is a maximal object among the images of
morphisms C −→M with C ∈ C. We note that it is possible that XM = 0. Since C is closed under quotients,
it is clear that XM ∈ C.
If φ′ : C′ −→M is any morphism with C′ ∈ C, we now claim that Im(φ′) ⊆ XM . Indeed, if XM = Im(φ0)
for some morphism φ0 : C0 −→M with C0 ∈ C, we can consider the induced map φ0 + φ′ : C0 ⊕ C′ −→M .
It is clear that both XM = Im(φ0) ⊆ Im(φ0 + φ′) and Im(φ′) ⊆ Im(φ0 + φ′). Since C is closed under
extensions, we know that C0 ⊕C′ ∈ C. From the maximality of XM , it follows that XM = Im(φ0 + φ′) and
hence Im(φ′) ⊆ Im(φ0 + φ′) = XM .
It now remains to show that the quotient M/XM ∈ C⊥. Let ψ : C′′ −→M/XM be a morphism with source
C′′ ∈ C. Since C is closed under quotients, we see that Im(ψ) ∈ C. On the other hand, we can express
Im(ψ) ⊆M/XM as a quotient X ′/XM , where XM ⊆ X ′ ⊆M . This gives a short exact sequence
0 −→ XM −→ X
′ −→ X ′/XM = Im(ψ) −→ 0 (4.7)
Since XM ∈ C and X ′/XM = Im(ψ) ∈ C and C is closed under extensions, we obtain X ′ ∈ C. It follows
from the maximality of XM that X
′ = XM . Hence, ψ = 0 and the result follows.
Proposition 4.9. Let A be a locally noetherian category such that every nonzero object in A has an associated
point. Then, there is a bijection :
Supp : {Torsion classes in A′} −→←− {Specialization closed subsets of Spec
′(A)} : Supp−1
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Proof. We have to show that the collection T of all torsion classes in A′ satisfies the three conditions in
Proposition 4.4. For any specialization closed S ⊆ Spec′(A), we know that Supp−1(S) is a Serre subcategory
ofA′ and hence a torsion class. By definition, torsion classes are closed under extensions. It remains therefore
to check that T satisfies condition (3) in Proposition 4.4.
Accordingly, let C ∈ T be a torsion class inside the abelian category A′. We know that every object in
A′ ⊆ Afg is noetherian. Then, it follows from Proposition 4.8 that (C, C
⊥) is a torsion pair on A′, where
C⊥ ⊆ A′ is the full subcategory given by
Ob(C⊥) := {N ∈ A′ | HomA′(C,N) = 0 for all C ∈ C} (4.8)
Since (C, C⊥) is a torsion pair, it now follows (see, for instance, [3, Chapter 1]) that there exist functors
T : A′ −→ C and F : A′ −→ C⊥ such that for every X ∈ A′ we have a short exact sequence
0 −→ T(X) −→ X −→ F(X) −→ 0 (4.9)
We now choose M ∈ C and consider some spectral object P such that 〈P 〉 ∈ Supp(M). Since Supp(M) is
specialization closed, it follows from Lemma 3.3 that Supp(P ) = 〈P 〉 ⊆ Supp(M) ⊆ Supp(C). We will show
that P ∈ C by checking that F(P ) = 0.
Indeed, suppose that F(P ) 6= 0. Then, Ass(F(P )) 6= φ and there exists some Q ∈ Spec(A) with Q ⊆ F(P ).
We have:
〈Q〉 ∈ Ass(F(P )) ⊆ Supp(F(P )) ⊆ Supp(P ) ⊆ Supp(C) (4.10)
Here, the inclusion Supp(F(P )) ⊆ Supp(P ) follows from the fact that P −→ F(P ) is an epimorphism. Now
since 〈Q〉 ∈ Supp(C), we can find M ′ ∈ C such that 〈Q〉 ∈ Supp(M ′). Since M ′ ∈ C ⊆ A′, it follows that
we can find a nonzero morphism M ′ −→ Q. Composing this morphism with the inclusion Q →֒ F(P ) gives
a nonzero morphism M ′ −→ F(P ). However, this is a contradiction since M ′ ∈ C and F(P ) ∈ C⊥. Hence,
F(P ) = 0 and we must have P = T(P ) ∈ C.
Proposition 4.10. Let A be a locally noetherian abelian category such that every nonzero object in A has
an associated point and let A′ ⊆ A be the abelian subcategory as defined above. Then, for a full and replete
subcategory C ⊆ A′ the following conditions are equivalent.
(1) C is a Serre subcategory of A′.
(2) C is a torsion class in A′.
(3) C is a thick subcategory of A′.
(4) C is a narrow subcategory of A′.
Proof. (1) ⇔ (2) : Using Proposition 4.5 and Proposition 4.9, this follows from the fact that both the
collection of Serre subcategories of A′ and the collection of torsion classes in A′ are the image of the map
Supp−1 : {Specialization closed subsets of Spec′(A)} −→ {Full & replete subcategories of A′}
(4) ⇒ (2) : Let C ⊆ A′ be a narrow subcategory. Then, C is closed under cokernels. If C is not a torsion
class, there exists an epimorphism π0 : M0 −→ N with M0 ∈ C and N /∈ C. Then, 0 6= Ker(π0) ⊆ M0 and
using Proposition 4.2, we get a nonzero morphism ǫ0 :M0 −→ Ker(π0). We now set
M1 := Cok(M0
ǫ0−→ Ker(π0) →֒M0) (4.11)
and denote by ρ0 the canonical epimorphism ρ0 : M0 −→ M1 to the cokernel. Since C is closed under
cokernels, we must have M1 ∈ C. From (4.11), it is also clear that Ker(ρ0) 6= 0 and the morphism π0 :
M0 −→ N factors through M1. This gives us an epimorphism π1 :M1 −→ N such that π1 ◦ ρ0 = π0.
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Since N /∈ C and M1 ∈ C, the epimorphism π1 : M1 −→ N must satisfy Ker(π1) 6= 0. Repeating the above
process over and over again, we can obtain for each n ≥ 1 an epimorphism πn :Mn −→ N with Mn ∈ C and
an epimorphism ρn−1 : Mn−1 −→ Mn with Ker(ρn−1) 6= 0 such that πn ◦ ρn−1 = πn−1. Since Mn ∈ C and
N /∈ C, we must have Ker(πn) 6= 0.
We now consider the increasing chain of subobjects Ker(ρ0) ⊆ Ker(ρ1 ◦ ρ0) ⊆ Ker(ρ2 ◦ ρ1 ◦ ρ0) ⊆ . . . of
M0. A simple application of the Snake Lemma shows that
Ker(ρn ◦ ρn−1 ◦ ... ◦ ρ0)
Ker(ρn−1 ◦ ... ◦ ρ0)
∼= Ker(ρn) 6= 0 ∀ n ≥ 1 (4.12)
This shows that the chain is strictly increasing, which contradicts the fact that M0 ∈ C ⊆ A′ ⊆ Afg is
Noetherian.
(2) ⇒ (4) : This follows from the diagram of relations in (4.4).
(3)⇔ (4) : We have already shown that (1)⇔ (2)⇔ (4). The result now follows by noting that the diagram
of relations in (4.4) gives (3) ⇒ (4) and that (1) ⇒ (3).
5 Subsets of the spectrum and torsion theories on A
In the previous section, we have shown that certain specialization closed subsets of Spec(A) correspond to
Serre subcategories, torsion classes as well as thick and narrow subcategories of a certain abelian subcategory
A′ ⊆ Afg.
In this section, we will be concerned with showing that specialization closed subsets in the spectrum Spec(A)
of the locally noetherian category correspond to hereditary torsion pairs on A. If R is a commutative
noetherian ring, it is shown in [12, Proposition 2.3] (see also [21, VI] and [22, Theorem 4.1]) that there is a
one-one correspondence between specialization closed subsets of the Zariski spectrum Spec(R) and hereditary
torsion pairs on the category of R-modules. The authors in [12] also describe how these torsion pairs relate
to injective hulls of the quotients R/p as p varies over all the prime ideals of R. Accordingly, we will describe
the hereditary torsion pairs on A and their connection to injective hulls of spectral objects of A.
Proposition 5.1. Let S ⊆ Spec(A) be a specialization closed subset. Then, the pair (T (S),F(S)) of
subcategories defined as follows
T (S) := {M ∈ A | Supp(M) ⊆ S} F(S) := {M ∈ A | Ass(M) ∩ S = φ} (5.1)
gives a torsion pair on the abelian category A. Further, the torsion pair (T (S),F(S)) is hereditary, i.e., the
torsion class T (S) is closed under subobjects.
Proof. Given a short exact sequence in A
0 −→M ′ −→M −→M ′′ −→ 0 (5.2)
it follows from [15, § 5.2.2] that Supp(M) = Supp(M ′) ∪ Supp(M ′′). Further, if {Mi}i∈I is a family of
objects in A, it follows from [15, § 5.2.3] that
Supp
(⊕
i∈I
Mi
)
=
⋃
i∈I
Supp(Mi) (5.3)
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Combining these with the definition in (5.1), it is immediately clear that T (S) is closed under subobjects,
extensions, quotients and coproducts. SinceA is a Grothendieck category, it is both complete and cocomplete.
It now follows from [3, Chapter 1] that T (S) is the torsion class of a hereditary torsion pair on A.
Suppose now that there is a morphism ψ : M −→ N with M ∈ T (S) and N ∈ F(S). Then, Ass(Im(ψ)) ⊆
Ass(N) (see [15, § 8.2]). On the other hand, we have Ass(Im(ψ)) ⊆ Supp(Im(ψ)) ⊆ Supp(M) ⊆ S. Since
Ass(N) ∩ S = φ, we get Ass(Im(ψ)) = φ and hence Im(ψ) = 0.
Conversely, suppose thatN ∈ A is such thatHomA(M,N) = 0 for allM ∈ T (S). Suppose that Ass(N)∩S 6=
φ, i.e., there exists a spectral object P ∈ Spec(A) along with a monomorphism P →֒ N such that 〈P 〉 ∈ S.
Since S is specialization closed, we obtain from Lemma 3.3 that 〈P 〉 = Supp(P ) ⊆ S. Then, P ∈ T (S) and
the monomorphism P →֒ N must be zero, which is a contradiction.
Proposition 5.2. Let A be a locally noetherian abelian category such that every nonzero object in A has an
associated point. Then, the association S 7→ τ(S) := (T (S),F(S)) defines a one-one correspondence between
hereditary torsion pairs on A and specialization closed subsets of the spectrum Spec(A).
Proof. If C ⊆ A is the torsion class of a hereditary torsion pair on A, we associate to C a specialization closed
subset of Spec(A) as follows:
C 7→ Z(C) :=
⋃
M∈C∩Afg
Supp(M) (5.4)
We claim that the associations S 7→ T (S) and C 7→ Z(C) are inverse to each other.
We begin with a specialization closed subset S ⊆ Spec(A). By definition, we know that
T (S) = {M ∈ A | Supp(M) ⊆ S} (5.5)
From (5.5), it is clear that Z(T (S)) ⊆ S. Conversely, let P ∈ Spec(A) be a spectral object with 〈P 〉 ∈ S.
Since S is specialization closed, we see that Supp(P ) = 〈P 〉 ⊆ S and hence P ∈ T (S). From Lemma 3.2, we
know that the spectral object P is finitely generated and hence P ∈ T (S) ∩ Afg. Since 〈P 〉 ∈ Supp(P ), it
follows from (5.4) that S ⊆ Z(T (S)).
On the other hand, let C be the torsion class of a hereditary torsion pair on A. From the definitions in (5.4)
and (5.5), it is immediate that C ∩ Afg ⊆ T (Z(C)). We choose some M ∈ C. Since A is locally finitely
generated (see Section 2), the object M may be expressed as the filtered colimit
M = lim
−→
M ′∈Afg ,M ′⊆M
M ′ (5.6)
Since C is the torsion class of a hereditary torsion pair, it is closed under subobjects and hence every finitely
generated subobjectM ′ ⊆M lies in C and hence in C∩Afg. Then, M ′ ∈ T (Z(C)) for each finitely generated
M ′ ⊆ M . But T (Z(C)) being a torsion class, it is closed under colimits and we see that M ∈ T (Z(C)).
Hence, C ⊆ T (Z(C)).
It remains to show that T (Z(C)) ⊆ C. First, we consider some spectral object P ∈ Spec(A) such that
P ∈ T (Z(C)). From the definitions in (5.4) and (5.5), we obtain :
〈P 〉 = Supp(P ) ⊆
⋃
M∈C∩Afg
Supp(M) (5.7)
Hence, we can find some M ∈ C ∩Afg with 〈P 〉 ∈ Supp(M), i.e., P ≺M . But C is closed under subobjects,
quotients and coproducts and hence P ≺M implies that P ∈ C.
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We now choose some N ∈ T (Z(C)) and consider a finitely generated subobject N ′ ⊆ N . From Proposition
5.1, we already know that T (Z(C)) is closed under subobjects and hence N ′ ∈ T (Z(C)). From the definitions
in (5.4) and (5.5), we now obtain :
Supp(N ′) ⊆ Supp(N) ⊆
⋃
M∈C∩Afg
Supp(M) (5.8)
From [17, § 1.6.4.1], we know that the finitely generated object N ′ can be filtered as follows
N ′ = N ′k ⊇ N
′
k−1 ⊇ · · · ⊇ N
′
0 = 0 (5.9)
with each successive quotient N ′i/N
′
i−1 ∈ Spec(A). Again since T (Z(C)) is closed under subobjects and
quotients, we see that each spectral object N ′i/N
′
i−1 ∈ T (Z(C)). It follows that each N
′
i/N
′
i−1 ∈ C. Since C
is closed under extensions, we can now show by a succession of short exact sequences that N ′ ∈ C. Finally,
since the object N is the colimit of its finitely generated subobjects and C is closed under colimits, it follows
that N ∈ C. Hence, T (Z(C)) ⊆ C and the result follows.
Since A is a Grothendieck category, it is well known that every object M ∈ A has an injective hull (see, for
instance, [21, § V.2]), which we denote by E(M). We will now describe the categories T (S) and F(S) in
terms of injective hulls of spectral objects of A.
Proposition 5.3. Let S ⊆ Spec(A) be a specialization closed subset. We set
T ′(S) = {M ∈ A | HomA(M,E(P )) = 0 for all P ∈ Spec(A) with 〈P 〉 /∈ S}
F ′(S) = {M ∈ A | HomA(P,M) = 0 for all P ∈ Spec(A) with 〈P 〉 ∈ S}
(5.10)
Then, T (S) = T ′(S) and F(S) = F ′(S).
Proof. If P ∈ Spec(A) is such that 〈P 〉 ∈ S, it follows from Lemma 3.3 and the fact that S is specialization
closed that Supp(P ) = 〈P 〉 ⊆ S. Then, P ∈ T (S) and it follows that HomA(P,M) = 0 for any M ∈ F(S).
Hence, F(S) ⊆ F ′(S).
Conversely, we consider M ∈ F ′(S). If M 6= 0, we consider some P ∈ Spec(A) along with a monomorphism
P →֒M . Then, 〈P 〉 /∈ S, i.e., Ass(M) ∩ S = φ. This gives F ′(S) ⊆ F(S) and hence F(S) = F ′(S).
On the other hand, let us consider M ∈ T (S) along with P ∈ Spec(A) with 〈P 〉 /∈ S. Suppose there exists a
nonzero morphism φ :M −→ E(P ). We set I := Im(φ) ⊆ E(P ). Since P ⊆ E(P ) is an essential subobject,
this gives a nonzero subobject I ∩ P ⊆ P . Since P is spectral, it follows that 〈P 〉 = 〈I ∩ P 〉. The morphism
φ :M −→ E(P ) induces an epimorphism to its image I ⊆ E(P ) which we denote by φ′ :M −→ I. We now
form a pullback square:
N −−−−→ I ∩ Py y
M
φ′
−−−−→ I
(5.11)
Since A is an abelian category, the pullback of φ′ : M −→ I gives an epimorphism N ։ I ∩ P . It is also
clear that N ⊆ M . Then, Supp(I ∩ P ) ⊆ Supp(N) ⊆ Supp(M) ⊆ S since M ∈ T (S). However, since
〈P 〉 = 〈I ∩ P 〉, we obtain
〈P 〉 ∈ 〈P 〉 = 〈I ∩ P 〉 = Supp(I ∩ P ) ⊆ S (5.12)
This contradicts the assumption that 〈P 〉 /∈ S. Hence, T (S) ⊆ T ′(S).
Finally, we consider some M ∈ T ′(S). Suppose M /∈ T (S), i.e., Supp(M) 6⊆ S. In other words, we can
choose P ∈ Spec(A) with P ≺ M such that 〈P 〉 /∈ S. Since P ≺ M , it follows that we can choose a direct
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sum Mn of n-copies of M and a subobject N ⊆ Mn along with an epimorphism π : N −→ P . Composing
π : N −→ P with the inclusion P →֒ E(P ) gives a nonzero morphism φ : N −→ E(P ). However, since
E(P ) is injective, the morphism φ : N −→ E(P ) extends to a nonzero morphism Mn −→ E(P ). This
gives HomA(M
n, E(P )) 6= 0, whence it follows that HomA(M,E(P )) 6= 0. This is a contradiction. Hence,
T ′(S) ⊆ T (S).
Corollary 5.4. Let S ⊆ Spec(A) be a specialization closed subset. Then, for any Q ∈ Spec(A) with
〈Q〉 /∈ S, the injective hull E(Q) lies in F(S).
Proof. We consider Q ∈ Spec(A) with 〈Q〉 /∈ S. From Proposition 5.3, we know that every object M ∈
T (S) = T ′(S) satisfies HomA(M,E(Q)) = 0. Hence, E(Q) lies in the torsion free class F(S).
Corollary 5.5. Let S ⊆ Spec(A) be a specialization closed subset and let τ(S) = (T (S),F(S)) be the
hereditary torsion pair on A associated to S. Then,
S = Spec(A)\Ass(F(S)) = Spec(A)\

 ⋃
M∈F(S)
Ass(M)

 (5.13)
Proof. From Proposition 5.1, we know that F(S) := {M ∈ A | Ass(M) ∩ S = φ} and hence S∩Ass(F(S)) =
φ. Conversely, if Q ∈ Spec(A) is such that 〈Q〉 /∈ S, then Ass(Q) ∩ S = {〈Q〉} ∩ S = φ. Hence, Q ∈ F(S)
and 〈Q〉 ∈ Ass(Q) ⊆ Ass(F(S)).
For a specialization closed subset S ⊆ Spec(A), we would like to show that the subcategory T (S) contains
all the injective hulls E(P ) with P ∈ Spec(A) such that 〈P 〉 ∈ S. However, for this we will first need to do
some commutative algebra in the framework of locally noetherian abelian categories.
We recall (see [15, § 2.3.3]) that for any P ∈ Spec(A), the full subcategory 〈P 〉 is a Serre subcategory of A.
Hence, we may construct the quotient A/〈P 〉 along with the canonical functor L〈P 〉 : A −→ A/〈P 〉 which is
exact (see [7, Proposition III.1]). Further, since A is a Grothendieck category, the functor
L〈P 〉 : A −→ A/〈P 〉 (5.14)
is a flat localization (see [15, § 2.4.8.2]) of A, i.e., 〈P 〉 is a localizing subcategory of A (see Gabriel [7, §
III.2]). In particular, this implies the following:
(1) The exact functor L〈P 〉 : A −→ A/〈P 〉 admits a right adjoint i〈P 〉 : A/〈P 〉 −→ A which is referred to as
the section functor.
(2) The section functor i〈P 〉 is fully faithful. Further, the counit L〈P 〉 ◦ i〈P 〉 −→ idA/〈P 〉 of the adjunction is
an isomorphism (see [7, Proposition III.3]).
(3) An objectM ∈ A is said to be 〈P 〉-closed (see [7, § III.2]) if the morphismM −→ i〈P 〉 ◦L〈P 〉(M) induced
by the unit of the adjunction is an isomorphism. Then, i〈P 〉 induces an equivalence between A/〈P 〉 and the
full subcategory of 〈P 〉-closed objects in A.
(5) If {Gi}i∈I is a generating family for A, then {L〈P 〉(Gi)}i∈I is a generating family for A/〈P 〉 (see [7,
Lemme III.4]). Further, A/〈P 〉 is a Grothendieck category (see [7, Proposition III.9]).
(6) Since A is locally noetherian, the quotient A/〈P 〉 is also a locally noetherian category (see [7, Corollaire
III.1]).
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Lemma 5.6. Let A be a locally noetherian Grothendieck category such that every nonzero object in A has
an associated point. Let P ∈ Spec(A) be a spectral object. Then, every nonzero object in A/〈P 〉 has an
associated point.
Proof. We pick a nonzero object N ∈ A/〈P 〉 and consider i〈P 〉(N) ∈ A. Since i〈P 〉 is full and faithful, we
must have i〈P 〉(N) 6= 0. Then, we can pick some Q ∈ Spec(A) with a monomorphism Q →֒ i〈P 〉(N). We
know that L〈P 〉(i〈P 〉(N)) = N . Then, from [15, § 8.5.4], it follows that if Q /∈ Ker(L〈P 〉), we must have
〈L〈P 〉(Q)〉 ∈ Ass(N).
It remains therefore to verify that Q /∈ Ker(L〈P 〉). We notice that the image of the monomorphism Q →֒
i〈P 〉(N) under the isomorphism HomA/〈P 〉(L〈P 〉(Q), N) ∼= HomA(Q, i〈P 〉(N)) gives a nonzero morphism
L〈P 〉(Q) −→ N in A/〈P 〉. Hence, L〈P 〉(Q) 6= 0.
Lemma 5.7. For any finitely generated object M ∈ A, we have:
Supp(M) =
⋃
〈Q〉∈Ass(M)
〈Q〉 (5.15)
Proof. Since Ass(M) ⊆ Supp(M), the inclusion,
⋃
〈Q〉∈Ass(M)
〈Q〉 ⊆ Supp(M) is obvious. On the other hand,
since M is finitely generated, there exists a finite filtration
M =Mk ⊇Mk−1 ⊇ ... ⊇M1 ⊇M0 = 0 (5.16)
with each quotient Qi = Mi/Mi−1 ∈ Spec(A). We let Max{Q1, ..., Qk} be the subcollection of elements in
{Q1, ..., Qk} maximal with respect to the relation “≺”, i.e., Q ∈ Max{Q1, ..., Qk} if and only if Q ≺ Qi for
some 1 ≤ i ≤ k implies 〈Q〉 = 〈Qi〉. We notice that:
Supp(M) =
k⋃
i=1
Supp(Qi) =
⋃
Q∈Max{Q1,...,Qk}
〈Q〉 (5.17)
Hence, in order to prove the equality in (5.15), it suffices to show that if Q ∈ Max{Q1, ..., Qk}, then
〈Q〉 ∈ Ass(M). We now consider the flat localization:
L〈Q〉 : A −→ A/〈Q〉 (5.18)
for some Q ∈Max{Q1, ..., Qk}. Since 〈Q〉 ∈ Supp(M), we know that L〈Q〉(M) 6= 0 (see [15, § 5.2.1]). Hence,
Ass(L〈Q〉(M)) 6= φ by Lemma 5.6. However, from [16, § VI.2.7.5.1], we know that
Ass(L〈Q〉(M)) = Ass(M) ∩Spec(A/〈Q〉) (5.19)
where Spec(A/〈Q〉) is treated as a subset of Spec(A). Since Ass(M) ⊆ Supp(M), we now have
φ 6= Ass(L〈Q〉(M)) = Ass(M) ∩Spec(A/〈Q〉) ⊆ Supp(M) ∩Spec(A/〈Q〉) (5.20)
Finally, we consider a spectral object Q′ ∈ Spec(A) such that 〈Q′〉 ∈ Supp(M) ∩ Spec(A/〈Q〉). Since
〈Q′〉 ∈ Spec(A/〈Q〉), we have Q ≺ Q′. However, since 〈Q′〉 ∈ Supp(M), we can find some Qi ∈ {Q1, ..., Qk}
such that Q′ ≺ Qi. Then, Q ≺ Q′ ≺ Qi. However, since Q ∈ Max{Q1, ..., Qk}, it follows that 〈Qi〉 = 〈Q〉
and we must have 〈Q′〉 = 〈Q〉. We now see that
φ 6= Ass(L〈Q〉(M)) = Ass(M) ∩Spec(A/〈Q〉) ⊆ Supp(M) ∩Spec(A/〈Q〉) = {〈Q〉} (5.21)
From (5.21), it is clear that 〈Q〉 ∈ Ass(M). This proves the result.
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Lemma 5.8. For any object M ∈ A, we have:
Supp(M) =
⋃
〈Q〉∈Ass(M)
〈Q〉 (5.22)
Proof. We consider a spectral object P ∈ Spec(A) with 〈P 〉 ∈ Supp(M). Since M is the union of the system
of its finitely generated subobjects, we can find some finitely generatedM ′ ⊆M such that 〈P 〉 ∈ Supp(M ′).
From Lemma 5.7, it follows that there is some 〈Q′〉 ∈ Ass(M ′) such that 〈P 〉 ∈ 〈Q′〉. But Ass(M ′) ⊆ Ass(M)
and hence we get Supp(M) ⊆
⋃
〈Q〉∈Ass(M)
〈Q〉. The reverse inclusion is obvious and the result follows.
Proposition 5.9. Let M be an object of A and let N ⊆M be an essential subobject. Then, we have:
(a) M and N have the same associated points, i.e., Ass(M) = Ass(N).
(b) M and N have the same support, i.e., Supp(M) = Supp(N).
Proof. (a) We consider a point 〈Q〉 of Ass(M) given by a spectral object Q ∈ Spec(A) along with an inclusion
Q →֒M . Since N is an essential subobject of M , we must have Q∩N 6= 0. Since Q is spectral, the nonzero
subobject Q ∩N is also spectral and we have 〈Q ∩N〉 = 〈Q〉. Then, 〈Q〉 = 〈Q ∩N〉 ∈ Ass(N). This gives
Ass(M) ⊆ Ass(N). Since N ⊆ M , we already know that Ass(N) ⊆ Ass(M) and the result follows. The
result of (b) follows from part (a) and Lemma 5.8.
Proposition 5.10. Let S ⊆ Spec(A) be a specialization closed subset and let (T (S),F(S)) be the torsion
pair on A corresponding to S. Then, for any P ∈ Spec(A) with 〈P 〉 ∈ S, the injective hull E(P ) lies in
T (S).
Proof. We consider P ∈ Spec(A) with 〈P 〉 ∈ S. Since S is specialization closed, we have Supp(P ) ⊆ S.
From Proposition 5.9, we know that Supp(E(P )) = Supp(P ). Then, Supp(E(P )) ⊆ S and we have E(P ) ∈
T (S).
6 Subsets of the spectrum and 1-resolving subcategories
In this section, we will describe the connection between resolving subcategories ofA and certain specialization
closed subsets of the spectrum of A. We begin by recalling the following definition from [20].
Definition 6.1. (see [20, § Definition 2.1]) Let B be an abelian category. A full subcategory C ⊆ B is said
to be a resolving subcategory if it satisfies the following conditions:
(1) The subcategory C is closed under taking direct summands.
(2) Suppose that 0 −→ M ′ −→ M −→ M ′′ −→ 0 is a short exact sequence in B and that M ′′ ∈ C. Then,
M ∈ C if and only if M ′ ∈ C.
(3) The subcategory C is generating. In other words, for every object B ∈ B, there exists an epimorphism
C ։ B in B with C ∈ C.
For a resolving subcategory C of an abelian category B, Sˇt’ov´ıcˇek [20] establishes the following key result.
Proposition 6.2. (see [20, Proposition 2.3] Let B be an abelian category and let C be a resolving subcategory.
For some integer n ≥ 0, let B ∈ B be an object such that there are exact sequences
0 −→ K −→ Cn−1 −→ · · · −→ C1 −→ C0 −→ B −→ 0
0 −→ K ′ −→ C′n−1 −→ · · · −→ C
′
1 −→ C
′
0 −→ B −→ 0
(6.1)
in B with Ci, C′i ∈ C for each 0 ≤ i ≤ n− 1. Then, the object K ∈ C if and only if K
′ ∈ C.
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The result of Proposition 6.2 motivates us to make the following definition.
Definition 6.3. Let B be an abelian category and let C be a resolving subcategory. For a given integer n ≥ 0,
we will say that the subcategory C ⊆ B is n-resolving if for each object B ∈ B, there exists an exact sequence
0 −→ Cn −→ Cn−1 −→ · · · −→ C1 −→ C0 −→ B −→ 0 (6.2)
in B with Ci ∈ C for each 0 ≤ i ≤ n.
We now come back to our locally noetherian Grothendieck category A and let C ⊆ A be a resolving subcat-
egory. If G ∈ A is a generator, there is an epimorphism G0 −→ G with G0 ∈ C. Consequently, for every
object M ∈ A, there is an epimorphism GI0 −→ M from a direct sum of copies of G0. It follows from [10,
Proposition 1.9.1] that G0 is also a generator for A. Hence, every resolving subcategory C ⊆ A must contain
a generator for A.
We remark here that Definition 6.3 essentially says that an n-resolving subcategory C ⊆ A “contains all n-th
syzygy objects” of A with respect to C. For a subcategory of modules over a commutative noetherian ring R,
the property of containing all n-th syzygy objects is related to being an n-cotilting class (see the equivalence
in [12, Proposition 3.14]). The relationship between n-cotilting classes in module categories and systems of
specialization closed subsets of the Zariski spectrum has been described in [12, Theorem 2.7 & Theorem 3.7].
For Grothendieck categories that contain enough projectives, cotilting classes have been considered by Colpi
[6]. For more on tilting or cotilting classes of modules over a ring, we refer the reader to [2], [5].
Lemma 6.4. Let A be a locally noetherian Grothendieck category and let (T ,F) be a hereditary torsion pair
on A. Then, the torsion free class F contains all coproducts.
Proof. We consider a collection {Ni}i∈I of objects of F and set N :=
⊕
i∈I
Ni. We denote by Fin(I) the
collection of all finite subsets of I and for any J ∈ Fin(I), we set NJ :=
⊕
j∈J
Nj . It is clear that the
finite direct sum (finite direct product) NJ lies in F and that N may be expressed as the filtered colimit
N = lim
−→
J∈Fin(I)
NJ .
We need to show that N ∈ F . For this, we consider someM ∈ T and a finitely generated subobjectM ′ ⊆M .
Since the torsion pair (T ,F) is hereditary, we must have M ′ ∈ T . Then since M ′ is finitely generated, we
have:
HomA(M
′, N) = lim
−→
J∈Fin(I)
HomA(M
′, NJ) = 0 (6.3)
Finally, since the category A is locally finitely generated, the object M may be expressed as the colimit of
its finitely generated subobjects. This shows that HomA(M,N) = 0 for each M ∈ T and hence N ∈ F .
Proposition 6.5. Let A be a locally noetherian Grothendieck category in which every nonzero object has an
associated point. Then, the associations :
C 7→ SC := Spec(A)\Ass(C) S 7→ CS := {M ∈ A | Ass(M) ∩ S = φ} (6.4)
give a one-one correspondence between the following :
(1) 1-resolving subcategories C ⊆ A that are torsion free classes of hereditary torsion pairs on A
(2) Specialization closed subsets S ⊆ Spec(A) such that there exists at least one generator G of A such that
S ∩ Ass(G) = φ.
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Proof. From Corollary 5.5, it is clear that both the associations in (6.4) are induced by the one-one corre-
spondence in Proposition 5.2 between torsion free classes of hereditary torsion pairs on A and specialization
closed subsets of Spec(A).
We now consider a subcategory C ⊆ A as in (1). Since C is resolving, it must contain a generator G of the
Grothendieck category A. Hence, SC = Spec(A)\Ass(C) satisfies SC ∩ Ass(G) = φ.
Conversely, we consider a specialization closed subset S ⊆ Spec(A) as in (2). By assumption, there is a
generator G of A such that Ass(G) ∩ S = φ. Hence, G ∈ CS . Then, for any object M ∈ A, there is an
epimorphism GI −→ M from a direct sum of copies of G. Since CS is the torsion free class of a hereditary
torsion pair on A, it follows from Lemma 6.4 that the direct sum GI lies in CS . Further, since the torsion
free class CS is closed under subobjects, the kernel K of the epimorphism GI −→M lies in CS. This gives a
short exact sequence
0 −→ K −→ GI −→M −→ 0 (6.5)
with both GI , K ∈ CS. Since the torsion free class CS is also closed under extensions and subobjects, given
a short exact sequence 0 −→ N ′ −→ N −→ N ′′ −→ 0 with N ′′ ∈ CS , then N ′ ∈ CS if and only if N ∈ CS .
In particular, the torsion free class CS is also closed under taking direct summands. It follows that CS is a
1-resolving subcategory.
7 Injective hulls, cosyzygies and their associated points
In order to proceed further, we will need to generalize some classical results in commutative algebra to the
locally noetherian Grothendieck category A. The most important among these is a characterization of the
associated points of higher cosyzygies of an object of A in terms of Ext groups. This is motivated by a result
of Bass (see, for instance, [4, Proposition 3.2.9]) which describes the associated primes of higher cosyzygies
of a module over a commutative noetherian ring.
Given an object M ∈ A and its injective hull E(M), we have the following short exact sequence in A:
0 −→M −→ E(M) −→ ℧(M) := E(M)/M −→ 0 (7.1)
Definition 7.1. For M ∈ A, put E0(M) := E(M) and ℧0(M) := M . For k ≥ 1, Ek(M) and ℧k(M) are
defined by setting:
℧k(M) := ℧(℧k−1(M)) = E(℧k−1(M))/℧k−1(M) Ek(M) := E(℧k(M)) (7.2)
For any k < 0, we always set ℧k(M) = 0. For each k ∈ Z, the object ℧k(M) is referred to as the k-th
cosyzygy of M . The sequence
0 −→M −→ E0(M) −→ E1(M) −→ E2(M) −→ . . . (7.3)
is referred to as the minimal injective resolution of M .
The short exact sequence in (7.1) shows that for any object T ∈ A and any k ≥ 1, we have:
ExtkA(T,℧(M)) = Ext
k+1
A (T,M) (7.4)
Lemma 7.2. Let A be a locally noetherian Grothendieck category such that every nonzero object has an
associated point. Then, if M , N ∈ A are objects such that HomA(M,N) 6= 0, we must have Supp(M) ∩
Ass(N) 6= φ.
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Proof. Let ψ : M −→ N be a nonzero morphism in A. Then, Ass(Im(ψ)) 6= φ. We see that M/Ker(ψ) =
Im(ψ) ⊆ N which gives us Ass(Im(ψ)) ⊆ Ass(N) and Ass(Im(ψ)) ⊆ Supp(Im(ψ)) ⊆ Supp(M). Hence
the result.
From now onwards, for any spectral object P ∈ Spec(A), we will denote by K(P ) the object L〈P 〉(P ) ∈
A/〈P 〉. We recall from Section 5 that A/〈P 〉 must be a locally noetherian Grothendieck category.
Lemma 7.3. For any spectral object P ∈ Spec(A), the support of K(P ) is a single point, i.e., Supp(K(P )) =
{〈P 〉}.
Proof. Since K(P ) = L〈P 〉(P ), from [16, IV.2.7.5.1], we know that
Ass(K(P )) = Ass(P ) ∩Spec(A/〈P 〉) ⊆ Ass(P ) (7.5)
where Spec(A/〈P 〉) is treated as a subset of Spec(A). From [15, § 8.1], we know that Ass(P ) = {〈P 〉} and
from Lemma 5.6 we know that K(P ) being a nonzero object of A/〈P 〉 must have an associated point, i.e.,
Ass(K(P )) 6= φ. It follows that Ass(K(P )) = {〈P 〉}.
From Lemma 5.8 it now follows that Supp(K(P )) is the closure of the point 〈L〈P 〉(P )〉 ∈ Spec(A/〈P 〉).
However, for any nonzero object T ∈ A/〈P 〉, we know that L〈P 〉(P ) ≺ T (see the proof of [15, Proposition
3.3.1]). Hence, the closure of L〈P 〉(P ) ∈ Spec(A/〈P 〉) is the single point {〈P 〉}.
Lemma 7.4. Let M be an object of A. Then, the associated points of M may be described as follows:
Ass(M) = {〈P 〉 | P ∈ Spec(A) and HomA/〈P 〉(K(P ), L〈P 〉(M)) 6= 0} (7.6)
Proof. We choose a point 〈P 〉 ∈ Ass(M) represented by a spectral object P ∈ Spec(A) such that there
is a monomorphism P →֒ M . Since L〈P 〉 : A −→ A/〈P 〉 is exact, we obtain a monomorphism K(P ) =
L〈P 〉(P ) →֒ L〈P 〉(M). Then, HomA/〈P 〉(K(P ), L〈P 〉(M)) 6= 0.
Conversely, let P ∈ Spec(A) be such that HomA/〈P 〉(K(P ), L〈P 〉(M)) 6= 0. From Lemma 5.6, we know that
every nonzero object in A/〈P 〉 has an associated point. Applying Lemma 7.2, we see that Supp(K(P )) ∩
Ass(L〈P 〉(M)) 6= φ. From Lemma 7.3, we know that Supp(K(P )) = {〈P 〉} is a single point and hence 〈P 〉 ∈
Ass(L〈P 〉(M)). Again, Ass(L〈P 〉(M)) = Ass(M) ∩Spec(A/〈P 〉) ⊆ Ass(M) and hence 〈P 〉 ∈ Ass(M).
Lemma 7.5. Let M be an object of A and P ∈ Spec(A) a spectral object. Then:
(a) Let N ∈ A/〈P 〉 be such thatM is an essential subobject of i〈P 〉(N). Then, L〈P 〉(M) ⊆ L〈P 〉(i〈P 〉(N)) = N
is an essential subobject.
(b) Let E(M) be the injective hull of M in A. Then, the localization L〈P 〉(E(M)) is the injective hull of
L〈P 〉(M) in A/〈P 〉.
(c) Let 0 −→ L〈P 〉(M) −→ E0(L〈P 〉(M)) −→ E1(L〈P 〉(M)) −→ . . . be a minimal injective resolution of
L〈P 〉(M) in A/〈P 〉 and let {℧k(L〈P 〉(M))}k≥0 be the corresponding cosyzygies. Then, for each k ≥ 0, we
have
℧k(L〈P 〉(M)) = L〈P 〉(℧k(M)) Ek(L〈P 〉(M)) = L〈P 〉(Ek(M)) (7.7)
Proof. (a) We consider a subobject 0 6= K ⊆ N . Since i〈P 〉 : A/〈P 〉 −→ A is fully faithful and a right adjoint,
we get 0 6= i〈P 〉(K) ⊆ i〈P 〉(N). SinceM is an essential subobject of i〈P 〉(N), we see that T :=M ∩ i〈P 〉(K) 6=
0. Since L〈P 〉 is exact, it follows that L〈P 〉(T ) ⊆ L〈P 〉(M) and L〈P 〉(T ) ⊆ L〈P 〉 ◦ i〈P 〉(K) = K.
It remains to show that L〈P 〉(T ) 6= 0. For this, we notice that since M is an essential subobject of i〈P 〉(N),
the intersection T =M ∩ i〈P 〉(K) must be an essential subobject of i〈P 〉(K). But then we know from Lemma
5.9 that Supp(T ) = Supp(i〈P 〉(K)). Since L〈P 〉 ◦ i〈P 〉(K) = K 6= 0, we get L〈P 〉(T ) 6= 0.
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(b) From [7, Corollaire III.2], we know that the injective object E(M) in A may be expressed as a direct
sum E(M) = E1 ⊕ i〈P 〉(E2) where P 6≺ E1 and E2 is an injective object of A/〈P 〉. Then, L〈P 〉(E(M)) =
L〈P 〉(E1)⊕ L〈P 〉 ◦ i〈P 〉(E2) = E2 must be injective.
It remains to show that L〈P 〉(M) ⊆ L〈P 〉(E(M)) = E2 is an essential extension. For this, we note that
M ∩ i〈P 〉(E2) is an essential subobject of i〈P 〉(E2). From part (a), it follows that L〈P 〉(M ∩ i〈P 〉(E2)) is
an essential subobject of E2. Since L〈P 〉(M ∩ i〈P 〉(E2)) ⊆ L〈P 〉(M), it follows that L〈P 〉(M) is an essential
subobject of E2.
(c) From part (b), we know that the injective hull commutes with the functor L〈P 〉. Since L〈P 〉 : A −→ A/〈P 〉
is an exact functor, the equalities in (7.7) are now evident from the constructions in Definition 7.1.
Proposition 7.6. Let A be a locally noetherian Grothendieck category such that every nonzero object has
an associated point. Let M be an object of A. If P ∈ Spec(A) is such that ExtkA/〈P 〉(K(P ), L〈P 〉(M)) 6= 0,
then the point 〈P 〉 ∈ Ass(℧k(M)) = Ass(Ek(M)).
Proof. Since Ek(M) = E(℧k(M)) is the injective hull of ℧k(M), it follows from Proposition 5.10 that
Ass(℧k(M)) = Ass(Ek(M)). Now suppose that P ∈ Spec(A) is such that ExtkA/〈P 〉(K(P ), L〈P 〉(M)) 6= 0.
If k = 0, we have HomA/〈P 〉(K(P ), L〈P 〉(M)) 6= 0 and it follows from Lemma 7.4 that 〈P 〉 ∈ Ass(M) =
Ass(℧0(M)).
We now suppose that k ≥ 1. By repeatedly applying (7.4) to the category A/〈P 〉, we obtain
0 6= ExtkA/〈P 〉(K(P ), L〈P 〉(M)) = ... = Ext
1
A/〈P 〉(K(P ),℧k−1(L〈P 〉(M))) (7.8)
We now consider the following short exact sequence in A/〈P 〉:
0 −→ ℧k−1(L〈P 〉(M)) −→ Ek−1(L〈P 〉(M)) −→ ℧k(L〈P 〉(M)) −→ 0 (7.9)
Then (7.9) induces the exact sequence:
0 −→ HomA/〈P 〉(K(P ),℧k−1(L〈P 〉(M))) −→ HomA/〈P 〉(K(P ), Ek−1(L〈P 〉(M))) −→
HomA/〈P 〉(K(P ),℧k(L〈P 〉(M))) −→ Ext
1
A/〈P 〉(K(P ),℧k−1(L〈P 〉(M))) −→ 0
Then, Ext1A/〈P 〉(K(P ),℧k−1(L〈P 〉(M))) 6= 0 implies that HomA/〈P 〉(K(P ),℧k(L〈P 〉(M))) 6= 0. By Lemma
7.5, ℧k(L〈P 〉(M)) = L〈P 〉(℧k(M)) and hence HomA/〈P 〉(K(P ), L〈P 〉(℧k(M))) 6= 0. It now follows from
Lemma 7.4 that 〈P 〉 ∈ Ass(℧k(M)).
The above result gives a sufficient condition for the associated points of the k-th cosyzygy ℧k(M) of an
object M ∈ A. In order to obtain a necessary condition, we will need a better understanding of the abelian
category A/〈P 〉.
Definition 7.7. (see [15, § 3]) Let B be an abelian category. A nonzero object F ∈ B is said to be quasi-final
if it satisfies F ≺ B for any nonzero object B ∈ B.
An abelian category is said to be local if it contains a quasi-final object.
From [15, § 3], we know that for any P ∈ Spec(A), the category A/〈P 〉 is a local abelian category with
L〈P 〉(P ) as a quasi-final object. Further, since A/〈P 〉 is a locally noetherian Grothendieck category, its
spectral objects are finitely generated by Lemma 3.2. A local abelian category has finitely generated objects
if and only if its quasi-final objects are semi-simple, i.e., they may be expressed as a direct sum of simple
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objects (see proof of [15, Lemma 5.4.1]). We recall that an object in an abelian category is said to be simple
if it has no nonzero proper subobjects.
Accordingly, we know that the quasi-final object K(P ) = L〈P 〉(P ) of A/〈P 〉 may be expressed as a finite
direct sum of simple objects of A/〈P 〉. Since all simple objects of a local abelian category are isomorphic
(see [15, § 3.1.2]), we may express L〈P 〉(P ) as a direct sum K(P ) = L〈P 〉(P ) = S
n
〈P 〉, where S〈P 〉 is a simple
object of A/〈P 〉. Since the category A/〈P 〉 depends only on the point 〈P 〉 ∈ Spec(A), so does the object
S〈P 〉.
Lemma 7.8. Let M ⊆ N be an essential extension in the abelian category A/〈P 〉. Then, for any morphism
φ : S〈P 〉 −→ N in A/〈P 〉, the composition S〈P 〉
φ
−→ N −→ N/M is zero.
Proof. For φ = 0, the result is obvious. We suppose therefore that φ 6= 0 and set 0 6= I := Im(φ) ⊆ N .
Since M is an essential subobject of N , we get 0 6= I ∩M ⊆ I. Since I is a quotient of the simple object
S〈P 〉, I is also simple. It follows that I ∩M = I, i.e., I ⊆M . It is now clear that the composition of φ with
the canonical morphism N −→ N/M is zero.
We are now ready to show that the condition in Proposition 7.6 is an if and only if condition for the associated
points of ℧k(M).
Proposition 7.9. Let A be a locally noetherian Grothendieck category such that every nonzero object has
an associated point. Let M be an object of A. Then,
Ass(℧k(M)) = Ass(Ek(M)) = {〈P 〉 | P ∈ Spec(A) such that Ext
k
A/〈P 〉(K(P ), L〈P 〉(M)) 6= 0}
Proof. We have already shown one direction in Proposition 7.6. For the other direction, we consider some
P ∈ Spec(A) with a monomorphism P →֒ ℧k(M). If k = 0, it follows from the proof of Lemma 7.4 that
Ext0A/〈P 〉(K(P ), L〈P 〉(M)) = HomA/〈P 〉(K(P ), L〈P 〉(M)) 6= 0.
We suppose therefore that k ≥ 1. As in (7.8), we have:
ExtkA/〈P 〉(K(P ), L〈P 〉(M)) = ... = Ext
1
A/〈P 〉(K(P ),℧k−1(L〈P 〉(M))) (7.10)
We notice that the following is an injective resolution of ℧k−1(L〈P 〉(M)):
0→ Ek−1(L〈P 〉(M)) = E(℧k−1(L〈P 〉(M)))→
Ek(L〈P 〉(M)) = E(℧k(L〈P 〉(M)))→ Ek+1(L〈P 〉(M))→ . . .
(7.11)
We notice that each differential in (7.11) can be expressed as a composition (for any t ≥ 0):
Ek−1+t(L〈P 〉(M)) = E(℧k−1+t(L〈P 〉(M)))y
℧k+t(L〈P 〉(M)) = E(℧k−1+t(L〈P 〉(M)))/℧k−1+t(L〈P 〉(M))y
Ek+t(L〈P 〉(M)) = E(℧k+t(L〈P 〉(M)))
(7.12)
We can get the groups Ext∗A/〈P 〉(S〈P 〉,℧k−1(L〈P 〉(M)) by applying the functor HomA/〈P 〉(S〈P 〉, ) to the
injective resolution in (7.11). Since ℧k−1+t(L〈P 〉(M)) is an essential subobject of E(℧k−1+t(L〈P 〉(M))) for
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each t ≥ 0, it follows from Lemma 7.8 and the description in (7.12) that the differentials of the complex
{HomA/〈P 〉(S〈P 〉, Ek−1+∗(L〈P 〉(M))))} are all zero. It follows that
Ext1A/〈P 〉(S〈P 〉,℧k−1(L〈P 〉(M)) = HomA/〈P 〉(S〈P 〉, Ek(L〈P 〉(M)))
= HomA/〈P 〉(S〈P 〉, L〈P 〉(Ek(M)))
(7.13)
On the other hand, we have a monomorphism P →֒ ℧k(M) →֒ Ek(M) = E(℧k(M)) and it follows from the
proof of Lemma 7.4 that HomA/〈P 〉(K(P ), L〈P 〉(Ek(M))) 6= 0. Since K(P ) is a finite direct sum of copies
of S〈P 〉, this gives HomA/〈P 〉(S〈P 〉, L〈P 〉(Ek(M))) 6= 0. Combining (7.13) with (7.10) and using again the
fact that K(P ) is a finite direct sum of copies of S〈P 〉, we get Ext
k
A/〈P 〉(K(P ), L〈P 〉(M)) 6= 0.
Corollary 7.10. (a) Let 0 −→ M ′ −→ M −→ M ′′ −→ 0 be a short exact sequence in A. Then, for any
k ∈ Z, we have
Ass(℧k(M
′)) ⊆ Ass(℧k(M)) ∪ Ass(℧k−1(M
′′))
Ass(℧k(M)) ⊆ Ass(℧k(M ′)) ∪ Ass(℧k(M ′′))
Ass(℧k(M
′′)) ⊆ Ass(℧k(M)) ∪ Ass(℧k+1(M ′))
(7.14)
(b) Let 0 −→ Kn −→ Kn−1 −→ ... −→ K0 −→M −→ 0 be an exact sequence in A. Then, we have:
Ass(℧k(Kn)) ⊆
(⋃n−1
i=0 Ass(℧i+k−n+1(Ki))
)
∪ Ass(℧k−n(M))
Ass(℧k(M)) ⊆
⋃n
i=0Ass(℧k+i(Ki))
(7.15)
Proof. (a) Since L〈P 〉 is exact, we get a short exact sequence 0 −→ L〈P 〉(M
′) −→ L〈P 〉(M) −→ L〈P 〉(M
′′) −→
0. Then, for any k ∈ Z, we know that the following sequence is exact
Extk−1A/〈P 〉(K(P ), L〈P 〉(M
′′)) −→ ExtkA/〈P 〉(K(P ), L〈P 〉(M
′)) −→ ExtkA/〈P 〉(K(P ), L〈P 〉(M))
The result now follows by applying Proposition 7.9. The result of (b) follows by repeated application of (a).
8 Subsets of the spectrum and n-resolving subcategories
In this section, we will show how certain sequences of subsets of Spec(A) correspond to certain n-resolving
subcategories of A. Although not an analogue, our result is motivated by the methods of [12, Theorem
3.7], which gives a bijection between n-cotilting classes of R-modules and certain sequences of specialization
closed subsets of Spec(R), where R is a commutative noetherian ring. We will begin by taking a better look
at n-resolving subcategories.
Let A be a locally noetherian Grothendieck category as before and let C ⊆ A be a resolving subcategory.
For any object M ∈ A and each j ≥ 1, we define a collection ΩjC(M) as follows : an object K ∈ Ω
j
C(M) if
and only if there exists an exact sequence
0 −→ K −→ Cj−1 −→ ... −→ C0 −→M −→ 0 (8.1)
with Ci ∈ C for all 0 ≤ i ≤ j − 1. Further, we set:
Ω0C(M) := {M} Ω
j
C(M) = φ ∀ j < 0 (8.2)
We now fix some n ≥ 1 and let C be an n-resolving subcategory. For j ≥ 1, we now set:
C(j) := {M ∈ A | Ω
j−1
C (M) ⊆ C} = {M ∈ A | Ω
j−1
C (M) ∩ C 6= φ} (8.3)
We notice that the equality in (8.3) follows from Proposition 6.2, since C is a resolving subcategory.
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Proposition 8.1. Let C ⊆ A be an n-resolving subcategory. Then, we have an increasing chain:
C = C(1) ⊆ C(2) ⊆ ... ⊆ C(n) ⊆ C(n+1) = A (8.4)
where each C(j) is an (n− j+1)-resolving subcategory. Further, for any k ≥ 1, we have (C(j))(k) = C(j+k−1).
Proof. We consider j ≥ 1 and some object M ∈ C(j). Since Ω
j−1
C (M) ⊆ C, we have an exact sequence
0 −→ Cj−1 −→ ... −→ C0 −→M −→ 0 (8.5)
with Ci ∈ C for 0 ≤ i ≤ j − 1. We now pick some K ∈ Ω
j
C(M). Then, we have an exact sequence
0 −→ K −→ C′j−1 −→ ... −→ C
′
0 −→M −→ 0 (8.6)
with C′i ∈ C for 0 ≤ i ≤ j − 1. Applying Proposition 6.2 to the exact sequences in (8.5) and (8.6) and using
the fact that 0 ∈ C, we get K ∈ C. Hence, ΩjC(M) ⊆ C and C(j) ⊆ C(j+1). From the definitions, it is also
evident that C = C(1) and C(n+1) = A.
From [20, Proposition 2.3(2)], we know that each C(j) is a resolving subcategory. To show that it is (n−j+1)-
resolving, we pick M ∈ A and construct an exact sequence
0 −→ K −→ C′′n−j −→ ... −→ C
′′
0 −→M −→ 0 (8.7)
with each C′′i ∈ C ⊆ C(j). We note that K ∈ Ω
n−j+1
C (M) and it is clear from the definitions that Ω
j−1
C (K) ⊆
ΩnC(M) ⊆ C. It follows that K ∈ C(j). Hence, C(j) is (n− j+1)-resolving. It is also clear from the definitions
that (C(j))(k) = C(j+k−1) for k ≥ 1.
For the rest of this section, we will fix a generator G for the Grothendieck category A.
Definition 8.2. Let G be a generator for A and let n ≥ 1. A G-sequence of length n will be an n-tuple
Y˜ = (Y1, Y2, ..., Yn) of subsets of Spec(A) satisfying the following conditions.
(a) Y1 ⊇ Y2 ⊇ ... ⊇ Yn
(b) Ass(℧i−1(G)) ∩ Yi = φ for all 1 ≤ i ≤ n.
Proposition 8.3. Let Y˜ = (Y1, Y2, ..., Yn) be a G-sequence of length n ≥ 1. We set
C(Y˜ ) := {M ∈ A | Ass(℧i−1(M)) ∩ Yi = φ for all 1 ≤ i ≤ n} (8.8)
Then, C(Y˜ ) is an n-resolving subcategory of A that is closed under arbitrary direct sums and G ∈ C(Y˜ ).
Proof. It is clear from the definition in (8.8) that C(Y˜ ) is closed under arbitrary direct sums. Using Definition
8.2, it follows that G ∈ C(Y˜ ) and hence the direct sum GI of copies of G for any set I lies in C(Y˜ ). Since G is
a generator of A, it follows that every objectM in A is the target of an epimorphism from some GI ∈ C(Y˜ ).
Further, if M ′ ∈ A is a direct summand of M , then ℧k(M ′) is a direct summand of ℧k(M) for any k ∈ Z
and it follows from (8.8) that M ∈ C(Y˜ ) implies M ′ ∈ C(Y˜ ).
We now consider a short exact sequence 0 −→ M ′ −→ M −→ M ′′ −→ 0 in A with M ′′ ∈ C(Y˜ ). Then, if
M ∈ C(Y˜ ), it follows from Corollary 7.10 that
(Ass(℧i−1(M
′)) ∩ Yi) ⊆ (Ass(℧i−1(M) ∩ Yi)) ∪ (Ass(℧i−2(M
′′)) ∩ Yi) = φ (8.9)
and hence M ′ ∈ C(Y˜ ). Conversely, if M ′ ∈ C(Y˜ ), we get from Corollary 7.10 that
(Ass(℧i−1(M)) ∩ Yi) ⊆ (Ass(℧i−1(M
′) ∩ Yi)) ∪ (Ass(℧i−1(M
′′)) ∩ Yi) = φ (8.10)
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This gives M ∈ C(Y˜ ). Since C(Y˜ ) contains all direct sums of copies of the generator G, we can construct for
any M ∈ A an exact sequence
0 −→ Kn −→ Kn−1 −→ ... −→ K0 −→M −→ 0 (8.11)
with Kj ∈ C(Y˜ ) for 0 ≤ j ≤ n− 1. We claim that Kn ∈ C(Y˜ ). For this, we note from Corollary 7.10 that
Ass(℧i−1(Kn)) ⊆

n−1⋃
j=0
Ass(℧j+i−n(Kj))

 ∪ Ass(℧i−n−1(M)) (8.12)
Since Kj ∈ C(Y˜ ) for j < n, we obtain
Ass(℧j+i−n(Kj)) ∩ Yi ⊆ Ass(℧j+i−n(Kj)) ∩ Yj+i−n+1 = φ (8.13)
Further, since i ≤ n, we must have Ass(℧i−n−1(M)) = φ and it follows from (8.12) that Kn ∈ C(Y˜ ).
Given a G-sequence Y˜ = (Y1, ..., Yn) and some 1 ≤ j ≤ n, we observe that the truncated sequence Y˜(j) :=
(Yj , ..., Yn) is a G-sequence of length n−j+1. Indeed, we have Ass(℧i−1(G))∩Yi+j−1 ⊆ Ass(℧i−1(G))∩Yi =
φ. This leads to the next result.
Proposition 8.4. Let Y˜ = (Y1, ..., Yn) be a G-sequence of length n ≥ 1. For each 1 ≤ j ≤ n, we have:
C(Y˜ )(j) = C(Y˜(j)) = C(Yj , ..., Yn) (8.14)
Proof. The case of j = 1 is obvious and so we assume that j ≥ 2. We consider some M ∈ C(Y˜ )(j). Then,
there is an exact sequence 0 −→ Kj−1 −→ ... −→ K0 −→ M −→ 0 with each Ki ∈ C(Y˜ ). From Corollary
7.10, it follows that
Ass(℧l−1(M)) ⊆
j−1⋃
i=0
Ass(℧l−1+i(Ki)) (8.15)
Since i ≤ j − 1, we notice that each Ass(℧l−1+i(Ki)) ∩ Yl+j−1 ⊆ Ass(℧l−1+i(Ki)) ∩ Yl+i = φ which shows
that M ∈ C(Yj , ..., Yn).
Conversely, consider M ∈ C(Yj , ..., Yn). Since G is a generator, we can form an exact sequence 0 −→ K −→
Gj−2 −→ ... −→ G0 −→M −→ 0 where Gi is a direct sum of copies of G for all 0 ≤ i < j − 1. In order to
show that M ∈ C(Y˜ )(j), it suffices to check that K ∈ C(Y˜ ). Again, it follows from Corollary 7.10 that
Ass(℧l−1(K)) ⊆
(
j−2⋃
i=0
Ass(℧l−j+i+1(Gi))
)
∪ Ass(℧l−j(M)) (8.16)
Since i ≤ j − 2, we notice that Ass(℧l−j+i+1(Gi)) ∩ Yl ⊆ Ass(℧l−j+i+1(Gi)) ∩ Yl−j+i+2 = φ. Since
M ∈ C(Yj , ..., Yn), we also know that Ass(℧l−j(M)) ∩ Yl = φ. This shows that K ∈ C(Y˜ ).
Corollary 8.5. Let G be a generator for A and let Y˜ = (Y1, ..., Yn) be a G-sequence of length n. Then,
for each 1 ≤ j ≤ n, the subcategory C(Y˜ )(j) is closed under taking injective hulls and arbitrary direct sums.
Additionally, the subcategory C(Y˜ )(n) satisfies
C(Y˜ )(n) = {M ∈ A | Ass(M) ⊆ Ass(C(Y˜ )(n))} (8.17)
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Proof. If E ∈ A is an injective object, then ℧k(E) = 0 for all k 6= 0. Hence, Ass(℧i−1(E)) ∩ Yi = φ
for any 1 < i ≤ n. Suppose now that E = E(M), the injective hull of some object M ∈ C(Y˜ ). Then,
Ass(℧0(E)) = Ass(E(M)) = Ass(M) does not intersect Y1 and hence E = E(M) ∈ C(Y˜ ). Hence, C(Y˜ ) is
closed under taking injective hulls. We have already mentioned in Proposition 8.3 that C(Y˜ ) is closed under
arbitrary direct sums. As a result of Proposition 8.4, this also shows that each C(Y˜ )(j) is closed under taking
injective hulls and arbitrary direct sums.
Finally, for j = n, we see that C(Y˜ )(n) = C(Yn) = {M ∈ A | Ass(M) ∩ Yn = φ}. The result of (8.17) follows
easily from this.
Lemma 8.6. (a) If 0 6= E ∈ A is an indecomposable injective, then E is the injective hull E = E(P ) of
some P ∈ Spec(A).
(b) Choose a point 〈P 〉 ∈ Spec(A) and set:
Inj(〈P 〉) := {E(M) | M ∈ A and Ass(M) = {〈P 〉}} (8.18)
Then, the collection Inj(〈P 〉) contains an indecomposable injective E〈P 〉 and every object in Inj(〈P 〉) is the
direct sum of copies of E〈P 〉.
Proof. (a) Since E 6= 0, we can find some spectral object P ∈ Spec(A) along with an embedding P →֒ E.
Then, E(P ) is a direct summand of E. Since E is indecomposable, we must have E = E(P ).
(b) We consider M ∈ A with Ass(M) = Ass(E(M)) = {〈P 〉}. Since A is locally noetherian, a well known
result of Matlis (see, for instance, [21, Proposition V.4.5]) shows that every injective in A can be expressed as
a direct sum of indecomposable injectives. We choose one such indecomposable injective E〈P 〉 from the direct
sum decomposition of E(M). Then, φ 6= Ass(E〈P 〉) ⊆ Ass(E(M)) = {〈P 〉} and hence E〈P 〉 ∈ Inj(〈P 〉).
We now suppose that E1 and E2 are two indecomposable injectives in Inj(〈P 〉). From part (a), we can find
Q1, Q2 ∈ Spec(A) such that E1 = E(Q1) and E2 = E(Q2) respectively. It is clear that {〈Q1〉} = Ass(E1) =
Ass(E2) = {〈Q2〉} = {〈P 〉}. We consider:
A
L:=L〈Q1〉=L〈Q2〉−−−−−−−−−−−→ A/〈Q1〉 = A/〈P 〉 = A/〈Q2〉
i:=i〈Q1〉=i〈Q2〉−−−−−−−−−−→ A (8.19)
From [7, Corollaire III.2], we know that 0 6= iL(E1) (resp. 0 6= iL(E2)) is a direct summand of the injective
E1 (resp. E2). Since E1 and E2 are indecomposable, we get E1 = iL(E1) and E2 = iL(E2). It now follows
from Lemma 7.5(c) that
E1 = iL(E1) = iL〈Q1〉(E(Q1)) = iE(L〈Q1〉(Q1)) E2 = iL(E2) = iL〈Q2〉(E(Q2)) = iE(L〈Q2〉(Q2)) (8.20)
We notice that both L〈Q1〉(Q1) and L〈Q2〉(Q2) are quasi-final objects of A/〈P 〉. It now follows as in Section
7 that we can write L〈Q1〉(Q1) = S
m
〈P 〉 and L〈Q2〉(Q2) = S
n
〈P 〉 where S〈P 〉 is the simple object in A/〈P 〉.
Combining with (8.20), we get
E1 = (iE(S〈P 〉))
m E2 = (iE(S〈P 〉))
n (8.21)
Since E1 and E2 are indecomposable, we now have m = n = 1 and E1 = iE(S〈P 〉) = E2. Hence, there is a
unique indecomposable injective E〈P 〉 in Inj(〈P 〉). Finally, since every E ∈ Inj(〈P 〉) decomposes as a direct
sum of indecomposable injectives and every nonzero direct summand of E ∈ Inj(〈P 〉) lies in Inj(〈P 〉), the
result follows.
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Lemma 8.7. Let C ⊆ A be an n-resolving subcategory that is closed under injective hulls. Then, if P ∈
Spec(A) is such that there exists some M ∈ C admitting an inclusion P →֒M , the object E(i〈P 〉(K(P ))) ∈ C.
Suppose additionally that C is closed under arbitrary direct sums. Then, the following hold:
(a) If P ∈ Spec(A) is a spectral object such that 〈P 〉 ∈ Ass(C), then E(P ) ∈ C.
(b) Let N ∈ A. Then, the injective hull E(N) ∈ C if and only if Ass(N) ⊆ Ass(C).
Proof. Suppose that we have a monomorphism P →֒M with P ∈ Spec(A) and M ∈ C. We extend this to a
monomorphism P →֒ M →֒ E(M). Since C is closed under injective hulls, we know that E(M) ∈ C. Then,
K(P ) = L〈P 〉(P ) ⊆ L〈P 〉(E(M)) and hence i〈P 〉(K(P )) ⊆ i〈P 〉L〈P 〉(E(M)). From [7, Corollaire III.2], we
know that i〈P 〉L〈P 〉(E(M)) is a direct summand of the injective E(M). Since C is a resolving subcategory, it
follows from Definition 6.1 that the direct summand i〈P 〉L〈P 〉(E(M)) ∈ C. Also i〈P 〉L〈P 〉(E(M)) is injective
and we see that the injective hull E(i〈P 〉(K(P ))) is a direct summand of i〈P 〉L〈P 〉(E(M)). It follows that
E(i〈P 〉(K(P ))) ∈ C.
We now suppose additionally that C is closed under arbitrary direct sums. We consider P ∈ Spec(A) with
〈P 〉 ∈ Ass(C). Then, there is some Q ∈ Spec(A) with 〈Q〉 = 〈P 〉 such that there exists a monomorphism
Q →֒ M with M ∈ C. From the above, it follows that E(i〈Q〉(K(Q))) ∈ C. We now consider an inclusion
Q′ →֒ i〈Q〉(K(Q)) with Q
′ ∈ Spec(A). Using adjointness, the morphism L〈Q〉(Q
′) −→ (K(Q)) corresponding
to this inclusion must be nonzero and hence L〈Q〉(Q
′) 6= 0. Then, L〈Q〉(Q
′) ⊆ L〈Q〉i〈Q〉(K(Q)) = K(Q) is an
associated prime of K(Q) = L〈Q〉(Q). Hence, Ass(E(i〈Q〉(K(Q)))) = Ass(i〈Q〉(K(Q))) = {〈Q〉} = {〈P 〉}.
In the notation of Lemma 8.6, we see that E(i〈Q〉(K(Q))) ∈ C ∩ Inj(〈P 〉). Clearly, E(P ) ∈ Inj(〈P 〉). Since
C contains all direct summands and is closed under arbitrary direct sums, it now follows from Lemma 8.6
that E(P ) ∈ C. This proves (a).
To prove (b), we consider some N ∈ A. Clearly, if E(N) ∈ C, then Ass(N) = Ass(E(N)) ⊆ C. Conversely,
suppose that Ass(N) ⊆ Ass(C). Let E be an indecomposable injective appearing as a direct summand
of E(N). By Lemma 8.6, we know that E = E(P ) for some P ∈ Spec(A) and it is clear that 〈P 〉 ∈
Ass(E(N)) = Ass(N) ⊆ Ass(C). From part (a), it follows that E = E(P ) ∈ C. Since the injective
E(N) decomposes as a direct sum of indecomposable injectives and C is closed under direct sums, we get
E(N) ∈ C.
We now make a simple observation. Suppose that C is an n-resolving subcategory for some n ≥ 1 and that
we have a short exact sequence
0 −→M ′ −→M −→M ′′ −→ 0 (8.22)
with M ∈ C. Then, M ′ ∈ Ω1C(M
′′). It follows from the definitions and from Proposition 6.2 that M ′ ∈ C if
and only if M ′′ ∈ C(2).
Proposition 8.8. We fix n ≥ 1 and let C ⊆ A be a full subcategory satisfying the following conditions:
(1) C is an n-resolving subcategory.
(2) For each j ≥ 1, the subcategory C(j) is closed under injective hulls and arbitrary direct sums.
(3) The subcategory C(n) ⊆ A satisfies C(n) = {M ∈ A | Ass(M) ⊆ Ass(C(n))}.
For 1 ≤ j ≤ n, set Yj := Spec(A)\Ass(C(j)). Then:
C = {M ∈ A | Ass(Ej−1(M)) ∩ Yj = φ ∀ 1 ≤ j ≤ n} = {M ∈ A | Ass(℧j−1(M)) ∩ Yj = φ ∀ 1 ≤ j ≤ n}
Proof. We will prove the result by induction on n. For the case of n = 1, the result follows directly from
assumption (3). We now consider n > 1. Every object M ∈ A fits into a short exact sequence as follows:
0 −→M −→ E(M) −→ ℧(M) −→ 0 (8.23)
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We know that C = C(1) is closed under injective hulls. Hence, from the observation above, we see thatM ∈ C
if and only if E(M) ∈ C and ℧(M) ∈ C(2).
From Lemma 8.7(b), we see that E(M) ∈ C if and only Ass(M) ⊆ Ass(C). On the other hand, the
subcategory C(2) satisfies the assumptions (1)-(3) for (n− 1) and we obtain therefore that:
C(2) = {N ∈ A | Ass(℧j−2(N)) ∩ (Spec(A)\Ass(C(j))) = φ ∀ 2 ≤ j ≤ n} (8.24)
In particular, we have ℧(M) ∈ C(2) if and only if
Ass(℧j−1(M)) ∩ (Spec(A)\Ass(C(j))) = φ ∀ 2 ≤ j ≤ n (8.25)
This proves the result.
Proposition 8.9. We fix a generator G of A and some n ≥ 1. Let C ⊆ A be an n-resolving subcategory
such that G ∈ C and each {C(j)}1≤j≤n is closed under injective hulls. Then, the tuple
(Spec(A)\Ass(C(1)), ....,Spec(A)\Ass(C(n))) (8.26)
is a G-sequence of length n.
Proof. We set Yj := Spec(A)\Ass(C(j)) for 1 ≤ j ≤ n. Since each C(j) ⊆ C(j+1), it is clear that Y1 ⊇ ... ⊇ Yn.
We claim that ℧j−1(G) ∈ C(j) for each 1 ≤ j ≤ n. We already know that the result is true for j = 1, i.e.,
G ∈ C = C(1). We proceed by induction and consider for j > 1 the short exact sequence:
0 −→ ℧j−2(G) −→ E(℧j−2(G)) −→ ℧j−1(G) −→ 0 (8.27)
By induction assumption, we have ℧j−2(G) ∈ C(j−1). Since C(j−1) is closed under injective hulls, we have
E(℧j−2(G)) ∈ C(j−1). The exact sequence in (8.27) now shows that ℧j−1(G) ∈ (C(j−1))(2) = C(j). This
proves the result.
We will now describe the most important assumption that we will make in this section. For any spectral
object P ∈ Spec(A), we have already noted that the full subcategory 〈P 〉 = {M ∈ A | P 6≺M} is a localizing
subcategory of A. In other words, there is a section functor i〈P 〉 : A/〈P 〉 −→ A that is right adjoint to the
canonical functor L〈P 〉 : A −→ A/〈P 〉.
Being a right adjoint, we know that the section functor of any localizing subcategory is always left exact.
For the rest of this section, we will assume that the section functors
{i〈P 〉 : A/〈P 〉 −→ A | P ∈ Spec(A)} (8.28)
are all exact functors. In fact, the case of localizing subcategories with section functors that are exact is an
important special case in the theory of localizing subcategories (see Gabriel [7, § III.3]).
Lemma 8.10. Let P ∈ Spec(A) be a spectral object.
(a) LetM be an object of A/〈P 〉. Let {℧k(M)}k≥0 be the cosygyzies ofM in A/〈P 〉 and let {℧k(i〈P 〉(M))}k≥0
be the cosyzygies of i〈P 〉(M) in A. Then:
i〈P 〉(℧k(M)) = ℧k(i〈P 〉(M)) ∀ k ≥ 0 (8.29)
(b) Let K(P ) = L〈P 〉(P ). For any k ≥ 0, we have Ass(℧k(i〈P 〉(K(P )))) ⊆ {〈P 〉}.
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Proof. (a) Let E(M) be the injective hull of M ∈ A/〈P 〉. Then L〈P 〉 being exact and i〈P 〉 being its right
adjoint, we know that i〈P 〉(E(M)) is injective in A. Also i〈P 〉(M) ⊆ i〈P 〉(E(M)). Let E
′ ⊆ i〈P 〉(E(M)) be
the injective hull of i〈P 〉(M) in A. Then, i〈P 〉(E(M)) splits as a direct sum i〈P 〉(E(M)) = E
′ ⊕ E′′. We
notice that E′′ ∩ i〈P 〉(M) = 0. This gives:
0 −−−−→ E′′y y
i〈P 〉(M) −−−−→ i〈P 〉(E(M))
⇒
0 −−−−→ L〈P 〉(E
′′)y y
M = L〈P 〉i〈P 〉(M) −−−−→ L〈P 〉i〈P 〉(E(M)) = E(M)
(8.30)
The implication in (8.30) follows from the fact that L〈P 〉 is exact. From (8.30) we have M ∩ L〈P 〉(E
′′) = 0
and M being an essential subobject of E(M), we obtain L〈P 〉(E
′′) = 0. We now consider the commutative
diagram
E′′ −−−−→ i〈P 〉L〈P 〉(E
′′) = 0y y
i〈P 〉(E(M)) −−−−→ i〈P 〉L〈P 〉i〈P 〉(E(M)) = i〈P 〉(E(M))
(8.31)
The left vertical arrow E′′ →֒ i〈P 〉(E(M)) in (8.31) is a monomorphism and the bottom horizontal arrow
is the identity i〈P 〉(E(M)) −→ i〈P 〉(E(M)). Hence, E
′′ = 0 and i〈P 〉(E(M)) becomes the injective hull of
i〈P 〉(M) in A. Since i〈P 〉 is assumed to be exact, it is now clear from Definition 7.1 that the cosygyzies
satisfy i〈P 〉(℧k(M)) = ℧k(i〈P 〉(M)).
(b) For any object M ∈ A/〈P 〉, we have a short exact sequence
0 −→M −→ E(M) −→ ℧(M) = ℧1(M) −→ 0 (8.32)
where E(M) is the injective hull of M . Since Supp(E(M)) = Supp(M), we observe from (8.32) that
Supp(℧(M)) ⊆ Supp(M). More generally, since ℧k+1(M) = ℧(℧k(M)) for k ≥ 0, it follows that all
cosyzygies satisfy Supp(℧k(M)) ⊆ Supp(M).
In particular, we consider M = K(P ) = L〈P 〉(P ). Since K(P ) is the quasi-final object of A/〈P 〉, we have
Supp(K(P )) = {〈L〈P 〉(P )〉}. Then, for any k ≥ 0, we have
Ass(℧k(K(P ))) ⊆ Supp(℧k(K(P ))) ⊆ Supp(K(P )) = {〈L〈P 〉(P )〉} (8.33)
Now, the result of (b) is obvious if ℧k(i〈P 〉(K(P ))) = 0 and hence we may restrict restrict to those k ∈ Z
for which ℧k(i〈P 〉(K(P ))) 6= 0. Then, from part (a), we get ℧k(K(P )) 6= 0. Combining with (8.33), we see
that φ 6= Ass(℧k(K(P ))) = {〈L〈P 〉(P )〉}.
Now suppose that we have Q ∈ Spec(A) with a monomorphism Q →֒ i〈P 〉(℧k(K(P ))). By adjointness, the
nonzero morphism Q →֒ i〈P 〉(℧k(K(P ))) corresponds to a nonzero morphism L〈P 〉(Q) −→ ℧k(K(P )) and
hence L〈P 〉(Q) 6= 0. It follows from [15, § 8.5.4] that L〈P 〉(Q) ∈ Ass(℧k(K(P ))) and hence 〈L〈P 〉(Q)〉 =
〈L〈P 〉(P )〉 in Spec(A/〈P 〉). Treating Spec(A/〈P 〉) as a subset of Spec(A) as before, this gives 〈P 〉 = 〈Q〉 ∈
Spec(A). Hence, Ass(i〈P 〉(℧k(K(P )))) = Ass(℧k(i〈P 〉(K(P )))) = {〈P 〉}.
Proposition 8.11. Fix a generator G ∈ A and let Y˜ = (Y1, ..., Yn), Y˜ ′ = (Y ′1 , ..., Y
′
n) be two G-sequences of
length n. Then, if C(Y˜ ) = C(Y˜ ′), we must have Y˜ = Y˜ ′.
Proof. We will prove the result by induction on n. Suppose that n = 1. Then, we know that
C(Y˜ ) = {M ∈ A | Ass(M) ∩ Y1 = φ} = {M ∈ A | Ass(M) ∩ Y ′1 = φ} = C(Y˜
′) (8.34)
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If Y1 6= Y ′1 , we can choose P ∈ Spec(A) with 〈P 〉 ∈ (Y1\Y
′
1) ∪ (Y
′
1\Y1). Then, the object P lies in exactly
one of C(Y˜ ) and C(Y˜ ′), which is a contradiction.
We now consider n > 1. Then, C(Y˜ ) = C(Y˜ ′) implies C(Y˜ )(2) = C(Y˜
′)(2) which gives C(Y2, ..., Yn) =
C(Y ′2 , ..., Y
′
n). By induction assumption for (n− 1), we have Yj = Y
′
j for 2 ≤ j ≤ n. It remains to show that
Y1 = Y
′
1 .
Suppose otherwise. For the sake of definiteness, we suppose that Y ′1\Y1 is nonempty and choose P ∈ Spec(A)
with 〈P 〉 ∈ Y ′1\Y1. Since 〈P 〉 /∈ Y1, it follows from Lemma 8.10 that
Ass(℧j−1(i〈P 〉(K(P ))) ∩ Yj ⊆ {〈P 〉} ∩ Y1 = φ (8.35)
Then, we see that i〈P 〉(K(P )) ∈ C(Y˜ ). On the other hand, we have Ass(i〈P 〉(K(P )))∩ Y
′
1 = {〈P 〉} ∩ Y
′
1 6= φ
and hence i〈P 〉(K(P )) /∈ C(Y˜
′) which is a contradiction.
Putting together the results of Proposition 8.3, Corollary 8.5 and Propositions 8.8, 8.9 and 8.11 we obtain
the following bijective correspondence.
Proposition 8.12. Fix a generator G of A and some n ≥ 1. Then, the associations
Y˜ = (Y1, ..., Yn) 7→ C(Y˜ ) = {M ∈ A | Ass(℧i−1(M)) ∩ Yi = φ for all 1 ≤ i ≤ n}
C 7→ (Spec(A)\Ass(C(1)), ....,Spec(A)\Ass(C(n)))
(8.36)
define mutually inverse correspondences between G-sequences Y˜ of length n and n-resolving subcategories
C ⊆ A satisfying the following conditions:
(1) G ∈ C.
(2) For each j ≥ 1, the subcategory C(j) is closed under injective hulls and arbitrary direct sums.
(3) The subcategory C(n) ⊆ A satisfies C(n) = {M ∈ A | Ass(M) ⊆ Ass(C(n))}.
9 Subcategories closed under subobjects, direct sums and essen-
tial extensions
We continue with the locally noetherian Grothendieck category A as before. In this section, we will describe
a one-one correspondence between arbitrary subsets of Spec(A) and certain subcategories of Afg. We recall
that Afg is the full subcategory of finitely generated objects of A and that Afg is an abelian category. We
will say that a subcategory C ⊆ Afg is closed under essential extensions if given M ∈ C and N ∈ Afg with
M ⊆ N an essential extension, we must have N ∈ C.
Lemma 9.1. Let C ⊆ A be a full subcategory that is closed under subobjects, finite direct sums and essential
extensions. Let Q →֒ M be an inclusion with Q ∈ Spec(A) and M ∈ C. Then, every object N ∈ Afg such
that Ass(N) = {〈Q〉} lies in C.
Proof. Since C is closed under subobjects, we notice that Q ∈ C. We consider the injective hull E(Q). From
Lemma 8.6, it follows that we can find P ∈ Spec(A) such that E(P ) is an indecomposable injective and
E(Q) is a direct sum of copies of E(P ). It is also clear that {〈P 〉} = Ass(E(P )) = Ass(E(Q)) = {〈Q〉}.
Since Q is an essential subobject of E(Q) and we have P ⊆ E(P ) ⊆ E(Q), we can find 0 6= P ′ ⊆ P such
that P ′ ⊆ Q. Then, P ′ ∈ C and since P is spectral, we have 〈P ′〉 = 〈P 〉. Since E(P ) is an indecomposable
injective, we notice that E(P ) = E(P ′).
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We now consider some N ∈ Afg with Ass(N) = {〈Q〉} = {〈P 〉} = {〈P ′〉}. Again from Lemma 8.6, it follows
that the injective hull E(N) is a direct sum of copies of E(P ) = E(P ′), say E(N) = E(P ′)I . Since N is
finitely generated, the set I is finite. Then, E(N) is an essential extension of P ′I and hence N ⊆ E(N) is
an essential extension of N ∩ P ′I .
Finally, since C is closed under finite direct sums, we have P ′I ∈ C. Then, the subobject N ∩ P ′I of P ′I lies
in C. Since N is an essential extension of N ∩ P ′I , we get N ∈ C.
Lemma 9.2. If M ∈ Afg is a finitely generated object, then M has only finitely many associated points.
Proof. We know that the injective hull E(M) admits a decomposition into indecomposable injectives, say
E(M) =
⊕
i∈I Ei. Since M is finitely generated, it must be contained inside the direct sum of some finite
subcollection of {Ei}i∈I and hence I is finite. From Lemma 8.6, we know that each indecomposable injective
Ei = E(Pi) for some Pi ∈ Spec(A). Then, Ass(M) = Ass(E(M)) =
⋃
i∈I Ass(E(Pi)) =
⋃
i∈I{〈Pi〉}.
Proposition 9.3. Let C ⊆ A be a full subcategory that is closed under subobjects, finite direct sums and
essential extensions. Let M ∈ Afg be such that P ∈ C for any P ∈ Spec(A) such that there exists an
inclusion P →֒M . Then, M ∈ C.
Proof. From Lemma 9.2, we know that M ∈ Afg has only a finite number of associated points. Suppose
therefore that Ass(M) = {〈P1〉, ...., 〈Pk〉} where each Pi, 1 ≤ i ≤ k is a spectral object admitting an inclusion
into M . We know that Ass(Pi) = {〈Pi〉}. Since M is finitely generated (hence Noetherian), we can choose
for each i a maximal subobject Ni ⊆ M such that Ass(Ni) = {〈Pi〉}. It is also clear that each Ni ⊆ M is
finitely generated.
By the assumption on M , we know that each Pi ∈ C. Since Ass(Ni) = {〈Pi〉}, it now follows from Lemma
9.1 that each Ni ∈ C.
We now claim that N1 ∩N2 = 0. Indeed, if there exists 0 6= K ⊆ N1 ∩N2, we have Ass(K) ⊆ Ass(N1) ∩
Ass(N2) = φ which is a contradiction. Hence, we can form the direct sum N1 ⊕ N2 as a subobject of M .
Similarly, we note that N3 ∩ (N1 ⊕N2) = 0 and so on, which allows us to form the direct sum N1 ⊕ ...⊕Nk
as a subobject of M . Since C is closed under finite direct sums, we have N1 ⊕ ...⊕Nk ∈ C.
We will complete the proof by showing that M is an essential extension of N1 ⊕ ...⊕Nk. Otherwise, there
is some 0 6= N ⊆M such that N ∩ (N1 ⊕ ...⊕Nk) = 0. We pick some inclusion Q →֒ N with Q ∈ Spec(A).
Then, 〈Q〉 ∈ Ass(N) ⊆ Ass(M) = {〈P1〉, ...., 〈Pk〉}. For the sake of definiteness, we suppose that 〈Q〉 = 〈P1〉.
We notice that Q∩N1 ⊆ Q∩ (N1 ⊕ ...⊕Nk) ⊆ N ∩ (N1 ⊕ ...⊕Nk) = 0. Hence, we can form the direct sum
Q ⊕ N1 as a subobject of M . We notice that Q ⊕ N1 ) N1 and Ass(Q ⊕ N1) = {〈P1〉} which contradicts
the assumption that N1 is a maximal element among subobjects of M having 〈P1〉 as their only associated
point.
Proposition 9.4. Let A be a locally noetherian Grothendieck category such that every nonzero object has
an associated point. Then, the associations:
C 7→ Φ(C) :=
⋃
M∈C
Ass(M)
S 7→ Ψ(S) := {M ∈ Afg | Ass(M) ⊆ S}
induce mutually inverse bijections between:
(a) The full and replete subcategories C ⊆ Afg that are closed under subobjects, finite direct sums and
essential extensions.
(b) The subsets S ⊆ Spec(A) of the spectrum Spec(A) of A.
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Proof. It is immediate from the definitions that ΦΨ(S) ⊆ S. Conversely, if P ∈ Spec(A) is such that
〈P 〉 ∈ S, we know that P ∈ Ψ(S). Then, {〈P 〉} = Ass(P ) ⊆ ΦΨ(S) and hence we have S = ΦΨ(S).
It is also clear that C ⊆ ΨΦ(C). Conversely, we take M ∈ ΨΦ(C) and consider some P ∈ Spec(A) such
that there is an inclusion P →֒ M . Then, 〈P 〉 ∈ Ass(M) ⊆ Φ(C). Accordingly, we can find N ∈ C and an
inclusion Q →֒ N with Q ∈ Spec(A) such that 〈Q〉 = 〈P 〉. Since Ass(P ) = {〈P 〉} = {〈Q〉}, it follows from
Lemma 9.1 that P ∈ C. Applying Proposition 9.3, we now obtain M ∈ C. Hence, C = ΨΦ(C).
10 Examples
We will now present examples of abelian categories A whose subcategories may be studied using the theory
in the previous sections. For this, we will first make a list of the conditions that have been imposed on the
abelian category A at various points in the paper:
(1) The abelian category A is a locally noetherian Grothendieck category.
(2) Every nonzero object ofA has an associated point, i.e., for every 0 6=M ∈ A, we can find a monomorphism
P →֒M with P ∈ Spec(A).
(3) (only for some results of Section 8) : For any P ∈ Spec(A), the right adjoint i〈P 〉 : A/〈P 〉 −→ A to the
localization L〈P 〉 : A −→ A/〈P 〉 is an exact functor.
These assumptions are easily verified in the case of R being a commutative noetherian ring. In order to
understand the case of noncommutative R, we will discuss these assumptions one by one.
First of all, it is well known that the category R −Mod of left modules over R must be a Grothendieck
category. Further, the category R−Mod is locally noetherian exactly when R is a left noetherian ring (see,
for instance, [23, (3.3)]).
We now come to assumption (2). In order to study the existence of associated points, Rosenberg [16, Chapter
I] considers the following preorder on the collection of left ideals : for left ideals m, n ⊆ R, set :
m ≤ n if (m : Z) = {x ∈ R | xZ ⊆ m } ⊆ n for some Z ∈ P (R) (10.1)
where P (R) denotes the collection of finitely generated Z-submodules of R. Then, Rosenberg [16, § I.6.5.6]
shows the following result : if R is “left ≤-noetherian”, i.e., every nonempty set of left ideals in R has a
maximal element with respect to ≤, then any nonzero R-module has an associated point. As pointed out in
[16, § I.7], the class of left ≤-noetherian rings is not well studied in the literature. However, from (10.1), it is
clear that if R is left noetherian and every left ideal in R is also two-sided, then R is left ≤-noetherian. This
implies that the large majority of results in the paper (i.e., all results except Lemma 8.10 and Propositions
8.11 and 8.12) apply to all left noetherian rings in which every left ideal is two sided.
We now come to condition (3). As we have mentioned before, each spectral object P ∈ Spec(A) corresponds
to a localizing subcategory 〈P 〉 and a flat localization:
L〈P 〉 : A −→ A/〈P 〉 (10.2)
We recall that the right adjoint i〈P 〉 of L〈P 〉 is full and faithful and hence A/〈P 〉 may be viewed as a
subcategory of A. When A = R−Mod, we know (see [16, I.0.4.1]) that each such subcategory arising from a
flat localization is identical to a subcategory (R−Mod)/F constructed from a “radical filter F of left ideals
in R.” Further, any such filter F defines a functor GF : R −Mod −→ R −Mod known as the “Gabriel
functor” (see [16, I.0.4]), with GF (R) carrying the structure of an R-algebra. Every object in (R−Mod)/F
carries the structure of a left GF (R)-module.
33
This situation becomes rather simple when R is a left principal ideal domain. In that case every radical
filter F of left ideals gives a left Ore multiplicative set S (see [16, I.A.1.2]) and we can construct the left
ring of fractions S−1R. Then, the flat localization of R − Mod is described by the extension of scalars
R−Mod −→ S−1R−Mod. The right adjoint to this is the restriction of scalars S−1R−Mod −→ R−Mod,
which is clearly an exact functor.
In order to give explicit examples of rings R for which R−Mod satisfies conditions (1), (2) and (3), we begin
with a commutative principal ideal domain D which contains a copy ρ : K −→ D of its quotient field K.
We assume that there is some d ∈ D such that ρ(d) 6= d. The simplest case would be to take D = K and ρ
to be a nontrivial automorphism of K. For more interesting examples, the reader may see, for instance, [13,
§ 4].
We now define the skew formal power series ring D〈x, ρ〉 as follows : as an abelian group, D〈x, ρ〉 consists
of all formal power series
∑
i≥0 dix
i with all coefficients di ∈ D. The multiplication is defined by the rule:
xd = ρ(d)x ∀ d ∈ D (10.3)
Then, an interesting result of Jategaonkar [13, Theorem 1] states that the skew formal power series ring
D〈x, ρ〉 is a left principal ideal domain in which every left ideal is two-sided. Since a left principal ideal
domain is automatically left noetherian, it is clear from the discussion above that the category of left
modules over R = D〈x, ρ〉 satisfies all the conditions (1), (2) and (3) above.
Another example that we will present is that of the category QCoh(X) of quasi-coherent sheaves on a
separated noetherian scheme (X,OX). It is well known (see [11, § II.7] and [19, Tag 077P]) that QCoh(X)
is a locally noetherian Grothendieck category. This proves condition (1).
We consider a point x ∈ X . The point x ∈ X determines a quasi-coherent sheaf Px ∈ QCoh(X) as follows :
if U is an affine open containing x, we set Px(U) = OX(U)/px(U), where px(U) is the prime ideal of OX(U)
corresponding to x. On all other affines, Px is set to be zero. Then, Rosenberg [17, § 7.2] has shown that
every spectral object in QCoh(X) is equivalent to some such Px. Then, the right adjoint of the localization
QCoh(X) −→ QCoh(X)/〈Px〉 is the pushforward on quasi-coherent sheaves along the morphism:
jx : Spec(OX,x) −→ X (10.4)
If U is any affine containing x, the morphism jx factors as:
Spec(OX,x) = Spec(OX(U)px(U))−→Spec(OX(U)) = U →֒X (10.5)
The pushforwards on quasi-coherent sheaves along both the morphisms in (10.5) are exact and hence so is
the pushforward jx,∗. This proves condition (3) for the category Qcoh(X).
It remains to show that every nonzero quasi-coherent sheaf M on X has an associated point, i.e., M has a
quasi-coherent subsheaf that is a spectral object in QCoh(X). It follows from [19, Tag 01PF, 01XZ, 01YF]
that we can find an integral closed subscheme i : Z →֒ X and a sheaf I ⊆ OZ of ideals on Z such that
i∗(I) ⊆M. It suffices therefore to prove the result for M = i∗(I).
We now consider an affine open jU : U = Spec(S) →֒ X such that M(U) 6= 0. Then, there is a point
x ∈ Spec(S) ⊆ X such that there is a monomorphism S/px(U) →֒ M(U), where px(U) is the prime ideal in
S corresponding to x ∈ Spec(S). This shows that (Px|U) →֒ (M|U) where Px ∈ QCoh(X) is the spectral
object of QCoh(X) corresponding to x ∈ X as constructed above. Applying the right adjoint functor
jU∗ : QCoh(U) −→ QCoh(X), we obtain a monomorphism jU∗(Px|U) →֒ jU∗(M|U).
We now claim that the canonical morphism M−→ jU∗(M|U) is a monomorphism for M = i∗(I) as above.
In other words, we claim that for each affine V ⊆ X , the natural morphism:
M(V ) = I(V ∩ Z) −→ I(U ∩ V ∩ Z) =M(U ∩ V ) = (M|U)(U ∩ V ) = jU∗(M|U)(V ) (10.6)
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is a monomorphism. Since closed immersions are affine and X is separated, the inclusion U ∩V ∩Z →֒ V ∩Z
is a Zariski immersion of affine schemes Spec(B) = U ∩ V ∩ Z →֒ V ∩ Z = Spec(A). Since Z is an integral
scheme, we know that A is an integral domain and hence the ideal I(V ∩Z) ⊆ A is a torsion free A-module.
Then, for any nonzero element f ∈ A, the morphism I(V ∩Z) −→ I(V ∩Z)⊗AAf is a monomorphism. Since
the Zariski open Spec(B) →֒ Spec(A) contains at least one basic open set of the form Spec(Af), 0 6= f ∈ A,
it follows that I(V ∩ Z) −→ I(V ∩ Z)⊗A B = I(U ∩ V ∩ Z) is a monomorphism.
We now form the fiber square:
N −−−−→ M = i∗(I)y y
jU∗(Px|U) −−−−→ jU∗(M|U)
(10.7)
Then, we have monomorphisms N →֒ M and N →֒ jU∗(Px|U). We claim that the quasi-coherent subsheaf
N →֒ M is a spectral object of QCoh(X). First of all, if we restrict the diagram (10.7) to the open set U , the
right vertical arrow becomes an isomorphism and hence N|U = Px|U . This gives N 6= 0. Finally, the proof
of [17, § 7.2] shows that jU∗(Px|U) is also a spectral object with 〈jU∗(Px|U)〉 = 〈Px〉 ∈ Spec(QCoh(X)).
Then N which is a non-trivial subobject of jU∗(Px|U) is also spectral and we have obtained an associated
point of the object M∈ QCoh(X) in the sense of Section 2.
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